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Devwudfw
Wklv sdshu lv dq dwwhpsw wr foduli| wkh uhodwlrqvkls ehwzhhq iudfwlrqdol}dwlrq/ srodul}dwlrq
dqg frq lfw1 Wkh olwhudwxuh rq wkh phdvxuhphqw ri hwkqlf glyhuvlw| kdv wdnhq dv jlyhq wkdw wkh
surshu phdvxuh iru khwhurjhqhlw| fdq eh fdofxodwhg e| xvlqj wkh iudfwlrqdol}dwlrq lqgh{1 Wklv
lqgh{ lv zlgho| xvhg lq lqgxvwuldo hfrqrplfv dqg/ iru hpslulfdo sxusrvhv/ wkh hwkqrolqjxlvwlf iudj0
phqwdwlrq lv uhdg| dydlodeoh iru uhjuhvvlrq h{huflvhv1 Qhyhuwkhohvv wkh dghtxdf| ri d v|qwkhwlf
lqgh{ ri khwhurjhqhlw| ghshqgv rq wkh lqwulqvlf fkdudfwhulvwlfv ri wkh khwhurjhqhrxv glphqvlrq
wr eh phdvxuhg1 Lq wkh fdvh ri hwkqlf glyhuvlw| wkhuh lv d yhu| vwurqj frq lfwlyh glphqvlrq1 Iru
wklv uhdvrq zh dujxh wkdw wkh phdvxuh ri khwhurjhqhlw| vkrxog eh rqh ri wkh fodvv ri srodul}dwlrq
phdvxuhv1 Lq idfw wkh lqwxlwlrq ri wkh uhodwlrqvkls ehwzhhq frq lfw dqg iudfwlrqdol}dwlrq gr qrw
krog iru pruh wkdq wzr jurxsv1 Lq frqwudvw zlwk wkh xvxdo sureohp ri srodul}dwlrq lqglfhv/ zklfk
duh ri gl!fxow hpslulfdo lpsohphqwdwlrq zlwkrxw pdnlqj vrph duelwudu| fkrlfh ri sdudphwhuv/
zh vkrz wkdw wkh UT lqgh{/ sursrvhg e| Uh|qdo0Txhuro +5335,/ lv wkh rqo| glvfuhwh srodul}dwlrq
phdvxuh wkdw vdwlv￿hv wkh edvlf surshuwlhv ri srodul}dwlrq1 Dgglwlrqdoo| zh suhvhqw d ghulydwlrq
ri wkh UT lqgh{ iurp d vlpsoh uhqw vhhnlqj prgho1 Lq wkh hpslulfdo vhfwlrq zh vkrz wkdw zkloh
hwkqlf srodul}dwlrq kdv d srvlwlyh h￿hfw rq flylo zduv dqg/ lqgluhfwo| rq jurzwk/ wklv h￿hfw lv qrw
suhvhqw zkhq zh xvh hwkqlf iudfwlrqdol}dwlrq1
Nh|zrugv= hwkqlf khwhurjhqhlw|/ flylo zduv/ hfrqrplf ghyhorsphqw1
MHO fodvvl￿fdwlrq= R44/ ]45/ R884 Lqwurgxfwlrq
Wkh lqfuhdvlqj lqflghqfh ri hwkqlf frq lfwv dqg lwv pxfk sxeolfl}hg frqvhtxhqfhv kdyh dwwudfwhg wkh
lqwhuhvw ri pdq| uhvhdufkhuv lq wkh vrfldo vflhqfhv1 Pdq| vwxglhv kdyh dgguhvvhg gluhfwo| wkh lvvxh ri
hwkqlf glyhuvlw| dqg lwv h￿hfwv rq vrfldo frq lfwv dqg flylo zduv +Uh|qdo0Txhuro 5335d/ Vdpedqlv 5334
ru Ihdurq dqg Odlwlq 5333,1 Srolwlfdo vflhqwlvwv kdyh vwuhvvhg wkh lpsruwdqfh ri lqvwlwxwlrqv lq wkh
dwwhqxdwlrq/ ru lqwhqvl￿fdwlrq/ ri vrfldo frq lfw lq hwkqlfdoo| glylghg vrflhwlhv1 Uhfhqwo| hfrqrplvw
kdyh frqqhfwhg hwkqlf glyhuvlw| zlwk lpsruwdqw hfrqrplf skhqrphqd olnh lqyhvwphqw +Pdxur 4<<8,/
jurzwk +Hdvwhuo| dqg Ohylqh 4<<:, ru wkh txdolw| ri jryhuqphqw +Od Sruwd hw do1 4<<<,1 Wkh qxpehu
ri sdshuv ghdolqj zlwk wkh h￿hfwv ri hwkqlf glyhuvlw| rq lvvxhv ri hfrqrplf lqwhuhvw lv jurzlqj dw d
idvw udwh/ prvwo| zlwk dq hpslulfdo frqwhqw41
Lq wklv uhvshfw lv frpprq sodfh lq uhfhqw zrun wr lqfoxgh dv d uhjuhvvru lq hpslulfdo jurzwk
hvwlpdwlrqv dq lqgh{ ri hwkqlf glyhuvlw|1 Wkhuh duh vhyhudo phfkdqlvpv wkdw h{sodlq wkh qhhg wr
lqfoxgh vxfk dq lqglfdwru1 Iluvw ri doo/ dqg prvw lpsruwdqw/ dq hwkqlfdoo| glyhuvh vrflhw| kdv d
kljkhu suredelolw| ri hwkqlf frq lfwv/ zklfk pd| ohdg lq wkh zruvw ri fdvhv wr d flylo zdu1 Li qrw wkh
srolwlfdo lqvwdelolw| fdxvhg e| hwkqlf frq lfwv kdv d qhjdwlyh lpsdfw rq lqyhvwphqw dqg/ lqgluhfwo|/
rq jurzwk1 Vhfrqgo| hwkqlf glyhuvlw| pd| jhqhudwh d kljk ohyho ri fruuxswlrq zklfk/ lq wxuq/ frxog
dovr ghwhu lqyhvwphqw1 Ilqdoo| lw kdv ehhq dujxhg wkdw lq khwhurjhqhrxv vrflhwlhv wkh gl￿xvlrq ri
whfkqrorjlfdo lqqrydwlrqv lv pruh gl!fxow/ vshfldoo| zkhq wkhuh lv hwkqlf frq lfw dprqj jurxsv lq d
frxqwu|1 Exvlqhvv dv xvxdo lv qrw srvvleoh lq d vrflhw| zlwk d kljk ohyho ri hwkqlf frq lfw vlqfh wklv
vlwxdwlrq d￿hfwv doo ohyhov ri hfrqrplf dfwlylwlhv1 Wudgh pd| eh uhvwulfwhg wr lqglylgxdov ri wkh vdph
hwkqlf jurxs> sxeolf lqiudvwuxfwxuhv fdq kdyh dq hwkqlf eldv> jryhuqphqw h{shqglwxuh pd| idyru
vrph hwkqlf jurxsv wr wkh ghwulphqw ri rwkhuv/ hwf1 Wkh frpprq hohphqw wr doo wkhvh phfkdqlvpv
lv wkh h{lvwhqfh ri d frq lfw zklfk/ wkurxjk vrfldo dqg srolwlfdo fkdqqhov/ vsuhdgv wr wkh hfrqrp|1
Wkhuhiruh wkh h￿hfw ri hwkqlf glyhuvlw| rq jurzwk ghshqg rq wkh lqflghqfh ri wkh glvwulexwlrq ri
hwkqlf jurxsv rq wkh srolwlfdo surfhvv dqg wkh ￿jkw iru hfrqrplf uhvrxufhv1
Lq fohdu frqwudvw zlwk wkhvh phfkdqlvpv wkh hpslulfdo vwxglhv kdyh xvhg dv dq lqglfdwru ri wkh
suredelolw| ri hwkqlf frq lfwv wkh lqglfhv ri iudfwlrqdol}dwlrq1 Krzhyhu wkhuh duh qr wkhruhwlfdo uhd0
vrqv wkdw mxvwli| wkh xvh ri wklv nlqg ri phdvxuhv1 Lq idfw dv d vxppdu| phdvxuh/ wkh lqgh{ ri
iudfwlrqdol}dwlrq kdv lpsruwdqw vkruwfrplqjv jhqhudwlqj Udqnlqv ri glyhuvlw| wkdw duh zlgho| frxq0
whulqwxlwlyh dv zh zloo vkrz1 Lq wklv sdshu zh dujxh wkdw gl￿huhqw lqglfhv ri hwkqlf glyhuvlw| fdq
jlyh ulvh wr yhu| gl￿huhqw Udqnlqv ri hwkqlf ￿frq lfwlyhqhvv￿1 Zh vkrz wkdw/ rssrvlwh wr wkh iudf0
4Iru lqvwdqfh Eoxhgruq +5334,/ Yljgru +5335, ru Fdvhool dqg Frohpdq +5335,1
4wlrqdol}dwlrq lqgh{/ wkhuh duh rwkhu nlqg ri lqglfdwruv wkdw fdq eh ghulyhg qdwxudoo| iurp wkhruhwlfdo
prghov ri frq lfw ru uhqw vhhnlqj1 Lq sduwlfxodu zh sursrvh dq lqgh{ ri srodul}dwlrq wkdw kdv d fohdu
wkhruhwlfdo vxssruw dqg shuirupv yhu| zhoo hpslulfdoo|1
Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh wkhruhwlfdo fkdudfwhulvwlfv ri wkh lqgh{
ri iudfwlrqdol}dwlrq dqg frpsduhv lw zlwk wkh lqgh{ ri srodul}dwlrq1 Vhfwlrq 6 vkrzv krz wkh lqgh{
ri srodul}dwlrq fdq eh ghulyhg iurp d prgho ri hwkqlf frq lfw1 Vhfwlrq 7 suhvhqwv wkh hpslulfdo
uhvxowv rewdlqhg e| wkh dssolfdwlrq ri wkh lqgh{ ri iudfwlrqdol}dwlrq dqg wkh lqgh{ ri srodul}dwlrq wr
gdwd rq hwkqlf glyhuvlw|1 Lw lv vkrzq wkdw iru yhu| kljk ohyhov ri iudfwlrqdol}dwlrq wkh uhdglqjv ri wkh
lqgh{ ri srodul}dwlrq fdq eh yhu| orz1 Lq idfw/ iru kljk ohyhov ri glyhuvlw| wkh fruuhodwlrq ehwzhhq
iudfwlrqdol}dwlrq dqg srodul}dwlrq lv qhjdwlyh1 Vhfwlrq 8 frpsduhv wkh hpslulfdo shuirupdqfh ri wkh
srodul}dwlrq lqgh{ sursrvhg lq wklv sdshu ylv d ylv wkh iudfwlrqdol}dwlrq lqgh{ lq wkh h{sodqdwlrq ri
hfrqrplf jurzwk dqg flylo zduv1 Vhfwlrq 9 vxppdul}hv wkh frqfoxvlrqv1
5 Phdvxulqj hwkqlf glyhuvlw|
Vhyhudo dxwkruv kdyh vwuhvvhg wkh lpsruwdqfh ri hwkqlf glyhuvlw| lq wkh h{sodqdwlrq ri jurzwk/ lq0
yhvwphqw/ wkh h!flhqf| ri jryhuqphqw ru flylo zduv1 Hdvwhuo| dqg Ohylqh +4<<:, dujxh wkdw wkh yhu|
kljk hwkqlf iudjphqwdwlrq ri frxqwulhv lq Diulfd h{sodlqv dq lpsruwdqw sduw ri wkhlu srru hfrqrplf
shuirupdqfh1 Wkh h￿hfw ri hwkqlf glyhuvlw| rq jurzwk jrhv wkurxjk dq lqgluhfw fkdqqho= wkh fkrlfh
ri srru sxeolf srolflhv zklfk/ dw wkh hqg/ kdv dq lq xhqfh rq orqj0uxq jurzwk1 Lq sduwlfxodu hwkqlf
glyhuvlw| wudqvirupv hfrqrplf srolf| lq d uhqw vhhnlqj phfkdqlvp1 Dgglwlrqdoo| hwkqlf khwhurjhqhlw|
jhqhudwh dovr sureohpv lq wkh ghvljq ri vwuxfwxudo srolflhv uhodwhg zlwk lqiudvwuxfwxuhv ru hgxfdwlrq1
Pdxur +4<<8,/ xvlqj d vlplodu uhdvrqlqj/ vkrzv wkdw hwkqlf iudfwlrqdol}dwlrq d￿hfwv lqyhvwphqw e|
lqfuhdvlqj fruuxswlrq dqg srolwlfdo lqvwdelolw|1 Vlqfh fruuxswlrq kdv d qhjdwlyh h￿hfw rq lqyhvwphqw
dqg wkh odwwhu lv vkrzq wr eh d urexvw ghwhuplqdqw ri jurzwk wkhq hwkqlf glyhuvlw| lv dovr dq lp0
sruwdqw idfwru lq wkh h{sodqdwlrq ri jurzwk1 Od Sruwd hw do1 +4<<<, srlqw rxw wkdw hwkqlf glyhuvlw|
ohdgv wr fruuxswlrq dqg orz h!flhqf| jryhuqphqwv wkdw h{sursuldwh wkh hwkqlf orvhuv1
Doo wkhvh sdshuv xvh wkh lqgh{ ri hwkqrolqjxlvwlf iudjphqwdwlrq +HOI, dv wkh lqglfdwru ri hwkqlf
glyhuvlw|1 Wkh udz gdwd frph iurp wkh Dwodv Qdurgry Plud +4<97, frpslohg lq wkh iruphu Vrylhw
Xqlrq zklfk uhihu wr wkh vlwxdwlrq lq 4<931 Wkh fulwhuld iru jurxs irupdwlrq zdv edvhg rq wkh
klvwrulfdo olqjxlvwlf ruljlq1 Wkh phdvxuh HOI zdv fdofxodwhg e| Wd|oru dqg Kxgvrq +4<:7, zklfk












lm l @4 >===>Lm +4,
zkhuh qlm lv wkh qxpehu ri shrsoh wkdw ehorqj wr hwkqrolqjxlvwlf jurxs l lq frxqwu| m/ Qm lv wkh
vl}h ri wkh srsxodwlrq ri wkh frxqwu| m dqg Lm lv wkh wrwdo qxpehu ri hwkqlf jurxsv lq frxqwu| m1 Wkh
eurdg srsxodulw| ri wkh HOI lqgh{ lv edvhg rq lwv vlpsoh lqwhusuhwdwlrq dv wkh suredelolw| wkdw wzr
udqgrpo| vhohfwhg lqglylgxdov iurp d jlyhq frxqwu| zloo qrw ehorqj wr wkh vdph hwkqrolqjxlvwlf jurxs1
Wkh idfw wkdw lw frxog eh xvhg zlwkrxw wkh qhhg wr vwduw lw iurp vfudwfk dovr khoshg lwv srsxodulw|1
Uhfhqwo| pdq| dxwkruv kdyh sursrvhg dowhuqdwlyh phdvxuhv ri hwkqlf glyhuvlw| wr ryhufrph wkh
vkruwfrplqj ri HOI1 Wkhuh duh dw ohdvw irxu lvvxhv wkdw kdyh ehhq glvfxvvhg= wkh pxowlglphqvlrqdo
qdwxuh ri hwkqlflw|/ wkh vrxufh ri udz gdwd/ wkh uhohydqw fodvvl￿fdwlrq ri hwkqlf jurxsv dqg wkh
phdvxuh wkdw vxppdul}hv wkh gdwd1
Vrfldo vflhqwlvwv kdyh uhfrjql}hg iru orqj wlph wkh pxowlglphqvlrqdo qdwxuh ri hwkqlflw|1 Wkh
hwkqlf lghqwlw| ri d jurxs lqfoxghv lwv odqjxdjh/ udfh/ froru dqg2ru uholjlrq1 Wkh xvh ri HOI zdv
surpswhg e| wkh uhdg|0pdgh qdwxuh ri wkh lqgh{1 Krzhyhu pdq| uhvhdufkhuv kdyh wxuqhg uhfhqwo|
wr wkh lvvxh ri wkh phdvxuh ri rwkhu glphqvlrqv ri hwkqlflw| dv zhoo dv wkh vhsdudwh lghqwl￿fdwlrq
ri hwkqlf dqg olqjxlvwlf gl￿huhqfhv1 Prqwdoyr dqg Uh|qdo0Txhuro +5335, dqg Dohvlqd hw do1 +5335,
glvfxvv wkh frqvwuxfwlrq dqg wkh vrxufhv iru lqglfhv ri olqjxlvwlf/ uholjlrxv dqg hwkqlf glyhuvlw|1
Wkh lvvxh ri gdwd vrxufhv lv sduwlfxoduo| uhohydqw iru wkh fodvvl￿fdwlrq fulwhuld1 Lq jhqhudo wkhuh
frxog eh wzr nlqgv ri sureohpv lq wkh fodvvl￿fdwlrq= hlwkhu jurxslqj sureohpv0 wkh djjuhjdwlrq
lq d vlqjoh jurxs ri glvwlqfw hwkqlf jurxsv zklfk vrphwlphv duh hyhq kljko| dqwdjrqlvwlf0 dqg wkh
lqfoxvlrq sureohp ru hqxphudwlrq ri pdq| hwkqlf jurxsv wkdw duh luuhohydqw iurp wkh srlqw ri ylhz
ri wkhlu srolwlfdo uhohydqfh51 Srvqhu +5333, srlqwv rxw krz wkh Dwodv lqfoxghv lq wkh vdph jurxs wkh
Q|dpzh}l dqg wkh Vxnxpd ghvslwh wkh idfw wkdw wkhvh jurxsv duh hdvlo| glvwlqjxlvkdeoh iurp hdfk
rwkhu dqg wkh| duh srolwlfdo frpshwlwruv lq Wdq}dqld*v hwkqlf duhqd1 Lq rwkhu vlwxdwlrqv jurxsv duh
djjuhjdwhg lqwr odujhu jurxsv hyhq wkrxjk lq wkh ruljlqdo vrxufh wkh| dsshdu dv glvmrlqw vhwv1 Krzhyhu
wkh sursrvdo ri lqfoxglqj rqo| wkh srolwlfdoo| uhohydqw jurxsv lv txlwh sureohpdwlf pdlqo| ehfdxvh
zkdw |rx zdqw wr fdswxuh lv qrw rqo| dfwxdo frq lfw exw dovr srwhqwldo frq lfw1 Lq dgglwlrq wkhuh lv
d fohdu hqgrjhqhlw| lvvxh= wkh hwkqlf glvwulexwlrq ri wkh vrflhw| frxog d￿hfw wkh uhsuhvhqwdwlrq ri wkh
khwhurjhqhrxv hwkqlf jurxsv dqg/ wkhuhiruh/ wkhlu srolwlfdo uhsuhvhqwdwlrq1 Wkhuhiruh d glfwdwruldo
srolwlfdo v|vwhp pd| rqo| uhsuhvhqw rqh jurxs zkhq wkhuh duh pdq| rwkhuv wkdw/ suhflvho| ehfdxvh
5Vhh Srvqhu +5333, iru d ohqjwk| glvfxvvlrq ri wkhvh wzr txhvwlrqv1
6wkh| duh qrw uhsuhvhqwhg/ fdq lqfuhdvh wkh olnholkrrg ri d vrfldo frq lfw61
Ilqdoo| wkhuh lv dovr wkh lvvxh ri krz wr frqvwuxfw dq lqgh{ zklfk lv dssursuldwh wr phdvxuh wkh
uhohydqw dvshfwv ri hwkqlf glyhuvlw|1 Wklv lv wkh edvlf lvvxh glvfxvvhg lq wklv sdshu1 Lpdjlqh wkdw
wkhuh duh wzr frxqwulhv/ D dqg E/ zlwk wkuhh hwkqlf jurxsv hdfk1 Lq frxqwu| D wkh glvwulexwlrq ri
wkh jurxsv lv +3/7</ 3/7</ 3/34, zkloh lq wkh vhfrqg frxqwu|/ E/ lv +3/66/ 3/66/ 3/67,1 Zklfk frxqwu|
zloo kdyh d kljkhu suredelolw| ri vrfldo frq lfwv dqg/ wkhuhiruh/ ohvv jurzwkB1 Xvlqj wkh lqgh{ ri
iudfwlrqdol}dwlrq wkh dqvzhu lv E1 Krzhyhu/ Prqwdoyr dqg Uh|qdo0Txhuro +5333, dqg Uh|qdo0Txhuro










Lq wklv sdshu zh dujxh wkdw dq| lqgh{ ri hwkqlf khwhurjhqhlw| vkrxog eh wkhruhwlfdoo| rulhqwhg1 Lw
vkrxog dffrpprgdwh wkh lqwhusuhwdwlrqv dqg phfkdqlvp wkdw gl￿huhqw dxwkruv kdyh sursrvhg lq wkh
h{sodqdwlrq ri wkh h￿hfw ri hwkqlf glyhuvlw| rq/ iru lqvwdqfh/ jurzwk1 Zh zloo vkrz wkdw wkh lqgh{ ri
iudfwlrqdol}dwlrq lv dw rggv zlwk wkh edvlf h{sodqdwlrqv dqg/ wkhuhiruh/ fdqqrw fdswxuh wkh uhohydqw
glphqvlrqv ri hwkqlf glylvlrqv1 Wkh pdlq uhdvrq zk| wkh lqgh{ kdv ehhq zlgho| xvh lv lw vlpsoh
lqwhusuhwdwlrq dv wkh suredelolw| ri ehlqj pdwfkhg zlwk dq lqglylgxdo ri d gl￿huhqw hwkqlf jurxs1
Krzhyhu lq wkh frqwh{w ri frq lfw dqg uhqw vhhnlqj prghov wklv phdvxuh lv qrw d uhohydqw lqglfdwru
ri wkh lqwhqvlw| ri wkh frq lfw zkloh wkh UT lqglfdwru fdq eh hdvlo| mxvwl￿hg1 Wkh remhfwlyh ri wkh
vhfwlrq lv wr vkrz wkdw wkh UT lqgh{ lv wkh rqo| phdvxuh dprqj wkh idplo| ri glvfuhwh srodul}dwlrq
phdvxuhv/ wkdw vdwlv￿hv wkh xvxdo surshuwlhv ri srodul}dwlrq1
514 Wkh lqgh{ ri iudfwlrqdol}dwlrq
Wkh lqgh{ ri iudfwlrqdol}dwlrq kdv/ dw ohdvw/ wzr wkhruhwlfdo mxvwl￿fdwlrq lq frpsohwho| gl￿huhqw
frqwh{wv1 Lq lqgxvwuldo rujdql}dwlrq wkh olwhudwxuh rq wkh uhodwlrqvkls ehwzhhq pdunhw vwuxfwxuh dqg
sur￿wdelolw| kdv xvhg wkh Khu￿qgdko lqgh{ wr phdvxuh wkh ohyho ri pdunhw srzhu lq roljrsrolvwlf
pdunhwv71 Krzhyhu wkh ghulydwlrq ri wkh lqgh{ lq wklv frqwh{w vwduwv zlwk d qrq0frrshudwlyh jdph
zkhuh roljrsrolvwlf ￿upv sod| Frxuqrw vwudwhjlhv1 Wkhuhiruh wkh lqgh{ fdq vxppdul}h wkh pdunhw
6Prqwdoyr dqg Uh|qdo0Txhuro +5333, dqg Uh|qdo0Txhuro +5335d, glvfxvv wkh lpsdfw rq wkh lqgh{ ri uholjlrxv
iudjphqwdwlrq ri wkh djjuhjdwlrq ri uholjlrxv jurxsv1
7Wklv lqgh{ kdv ehhq dovr xvhg lq dqwlwuxvw fdvhv1
7srzhu lq jdphv wkdw zrun wkurxjk wkh pdunhw1 Lwv delolw| wr phdvxuh wkh vwuxfwxuh ri srzhu lq
srolwlfdo ru plolwdu| surfhvvhv dv wkh| dsshdu uhsuhvhqwhg e| uhqw vhhnlqj ru frq lfw prghov lv
yhu| olplwhg dqg qrqh zkhq frpsduh zlwk wkh surshu phdvxuhv +srodul}dwlrq,1 Exw/ dv zh dujxhg
ehiruh/ wkh frq lfwlyh qdwxuh ri hwkqlf glylvlrqv lv suhflvho| wkh edvlf dujxphqw sxw iruzdug lq wkh
h{sodqdwlrq ri wkh uhodwlrqvkls ehwzhhq hwkqlf glyhuvlw|/ lqyhvwphqw dqg jurzwk1
Wkh vhfrqg wkhruhwlfdo irxqgdwlrq iru wkh lqgh{ ri iudfwlrqdol}dwlrq frphv iurp wkh wkhru| ri
lqhtxdolw| phdvxuhphqw1 Zh duh jrlqj wr sxuvxh wklv olqh lq ghwdlo vlqfh lw lv qrw d zhoo0nqrzq
uhodwlrqvkls dqg lw frqqhfwv qlfho| zlwk rxu glvfxvvlrq rq wkh irxqgdwlrqv ri wkh srodul}dwlrq lqgh{1
Rqh lpsruwdqw idplo| ri lqhtxdolw| phdvxuhv lv wkh rqh ghulyhg iurp wkh frqfhsw ri hqwurs|1 Lq





















zkhuh Q lv wkh wrwdo srsxodwlrq/ vl lv wkh vkduh ri lqfrph ri jurxs l dqg ￿ glvfulplqdwhv dfurvv
gl￿huhqw idplolhv ri lqglfdwruv1 Wkh ixqfwlrq k+s, phdvxuhv wkh lqirupdwlrq frqyh| e| wkh dujxphqw1
Li dq hyhqw lv txlwh olnho|/ s lv qhdu 4/ wkh lqirupdwlrq lv qrw yhu| lqwhuhvwlqj zkloh li dq hyhqw lv yhu|
xqolnho| lwv lqirupdwlrqdo frqwhqw lv yhu| kljk1 Wkhuhiruh k3 ? 31 Ohw*v dvvxph wkdw k wdnhv wkh irup
k+v, @ ￿ 4
￿v￿ zklfk lqfoxghv dv d sduwlfxodu fdvh/ iru ￿ @3 > wkh k+v, @ ￿orjv1 Iru hdfk ydoxh ri ￿



























zkhuh K lv vlpso| Khu￿qgdko*v lqgh{1 Iru d jlyhq srsxodwlrq HW4 dqg K duh fduglqdoo| htxly0
dohqw1 Wkh lpsruwdqw lvvxh zlwk uhvshfw wr wklv phdvxuhv lv wkh h￿hfw ri fkdqjhv lq wkh vl}h ri wkh
jurxsv rq wkh lqgh{1 Lq jhqhudo iru wkh idplo| h{srvhg deryh zh kdyh wkdw d vpdoo wudqvihu ri ￿v
iurp ulfk pdq 4 +U4, wr srru pdq 4 +S4, lpsolhv











Ghshqglqj rq ￿ wkh glvwdqfh k+vU,￿k+vS, zloo wdnh d sduwlfxodu irup1 Iru lqvwdqfh zkhq ￿ @3
wkh glvwdqfh ehwzhhq U4 dqg S4 lv wkh vdph dv wkh glvwdqfh ehwzhhq U5 dqg S5 li wkh udwlrv vU4@vS4
dqg vU5@vS5 duh wkh vdph1 Lq wkh fdvh ri Khu￿qgdko*v lqgh{ wkh glvwdqfh lv hyhq vlpsohu vlqfh lw
lv dq devroxwh glvwdqfh phdvxuh= wkh glvwdqfh ehwzhhq d jurxs zlwk d 4( vkduh dqg d jurxs zlwk
d 5( lv wkh vdph dv wkh glvwdqfh ehwzhhq d jurxs zlwk wkh <( dqg d jurxs zlwk d 43(1 Iru wklv
uhdvrq Khu￿qgdko*v lqgh{ ixo￿oov wkh vwurqj sulqflsoh ri wudqvihu1 Krzhyhu/ dqg rssrvlwh wr doo rwkhu
phdvxuhv ri lqhtxdolw|/ lw lv qrw lqghshqghqw ri sursruwlrqdo lqfuhdvhv lq lqfrph dqg srsxodwlrq exw
lw ghfuhdvhv zlwk wkh vl}h ri wkh srsxodwlrq1 Lq dgglwlrq K pryhv ehwzhhq 3 dqg 4 exw wkh plqlpxp
ydoxh lv dozd|v juhdwhu wkdq 31
Li zh gr qrw wdnh lqwr dffrxqw wkh glvwdqfhv ehwzhhq jurxsv dqg rqo| frqvlghu wkh vl}h ri wkh








@40Km l @4 >===>L m +6,
515 Srodul}dwlrq phdvxuhv
Dq dowhuqdwlyh phdvxuh ri hwkqlf glyhuvlw| fdq eh frqvwuxfwhg xvlqj wkh frqfhsw ri srodul}dwlrq1 Wklv
frqfhswxdol}dwlrq lv sduwlfxoduo| vxlwhg wr fdswxuh wkh jhqhudwlrq ri vrfldo whqvlrqv/ uhyroxwlrqv/ flylo
zduv ru vrfldo xquhvw lq jhqhudo1 Hvwhedq dqg Ud| +4<<7, +HU<7, lv frqfhuqhg zlwk wkh frqfhswx0
dol}dwlrq dqg phdvxuhphqw ri srodul}dwlrq1 Zkdw gr wkh| phdq e| srodul}dwlrqB Vxssrvh wkdw d
srsxodwlrq ri lqglylgxdov pd| eh jurxshg dffruglqj wr vrph yhfwru ri fkdudfwhulvwlfv lqwr ￿foxvwhuv￿/
vxfk wkdw hdfk foxvwhu lv yhu| vlplodu lq whupv ri wkh dwwulexwhv ri lwv phpehuv/ exw gl￿huhqw foxvwhuv
kdyh phpehuv zlwk yhu| ￿glvvlplodu￿ dwwulexwhv1 Lq wkdw fdvh wkh vrflhw| lv srodul}hg hyhq wkrxjk
wkh phdvxuhphqw ri lqhtxdolw| frxog eh orz1 Lq idfw HU<7 hpskdvl}h wkh gl￿huhqfh ehwzhhq wkhlu
phdvxuh ri srodul}dwlrq dqg wkh xvxdo phdvxuhv ri lqhtxdolw|1
Iroorzlqj HU<7/ ￿hyhu| vrflhw| fdq eh wkrxjkw ri dv dq dpdojdpdwlrq ri jurxsv/ zkhuh wzr
lqglylgxdov gudzq iurp wkh vdph jurxs duh ￿vlplodu￿/ dqg iurp gl￿huhqw jurxsv/ duh ￿gl￿huhqw￿
uhodwlyh wr vrph jlyhq vhw ri dwwulexwhv ru fkdudfwhulvwlfv1 Wkh srodul}dwlrq ri d glvwulexwlrq ri
lqglylgxdo dwwulexwhv pxvw h{klelw wkh iroorzlqj ihdwxuhv=
9Ihdwxuh4 = Wkhuh pxvw eh d kljk ghjuhh ri krprjhqhlw| zlwklq hdfk jurxs1
Ihdwxuh 5= Wkhuh pxvw eh d kljk ghjuhh ri khwhurjhqhlw| dfurvv jurxsv1
Ihdwxuh 6= Wkhuh pxvw eh d vpdoo qxpehu ri vljql￿fdqwo| vl}hg jurxsv1 Lq sduwlfxodu/ jurxsv ri
lqvljql￿fdqw vl}h +h1j1/ lvrodwhg lqglylgxdov, fduu| olwwoh zhljkw81
Wkhuhiruh wkh phdvxuh ri srodul}dwlrq vkrxog eh vxfk wkdw lqwud0jurxs krprjhqhlw| dqg lqwhu0
jurxs khwhurjhqhlw| lqfuhdvhv lw1 Wkh lghqwl￿fdwlrq ihow e| dq lqglylgxdo zlwk uhvshfw wr lwv jurxs
lqfuhdvhv zlwk wkh qxpehu ri shrsoh lq wkh jurxs1 Wklv idfw lpsolhv dq lghqwl￿fdwlrq ixqfwlrq L+s,
vxfk wkdw L3 A 391 Rq wkh rwkhu kdqg wkh dolhqdwlrq ihow e| dq lqglylgxdo iurp rwkhuv ghshqg rq
krz idu dzd| duh wkh odwwhu iurp wkh lqglylgxdo1 Wklv frqfhsw ghdov zlwk wkh idfw wkdw lqwhu0jurxs
khwhurjhqhlw| lqfuhdvhv srodul}dwlrq1 Dq lqglylgxdo | ihhov dq dolhqdwlrq d+￿+|>|3,, zlwk uhvshfw wr








zkhuh W+L>d, lv wdnhq wr eh dq lqfuhdvlqj ixqfwlrq ri d1 Ixuwkhupruh W+L>3, @3 1 HU<7 qduurz
grzq wkh fodvv ri doorzdeoh phdvxuhv e| lpsrvlqj wkuhh d{lrpv1 Rqo| rqh phdvxuh/ S￿/ ri wkh idplo|









l ￿mm|l ￿ |mm
iru vrph frqvwdqwv nA3 dqg ￿ 5 +3>￿ ￿, zkhuh ￿￿ * 4=91 Qrwlfh wkdw zkhq ￿ @3wklv
srodul}dwlrq phdvxuh lv suhflvho| wkh Jlql frh!flhqw1 Wkhuhiruh lw lv wkh idfw wkdw wkh vkduh ri hdfk
jurxs lv udlvhg wr wkh 4.￿ srzhu wkdw h{fhhgv rqh zkdw pdnhv wkh srodul}dwlrq phdvxuh vljql￿fdqwo|
gl￿huhqw iurp lqhtxdolw| phdvxuhv1 Wklv lv wkh uhdvrq zk| zh duh jrlqj wr hpskdvl}h wkh uhohydqfh
ri ￿ lq wkh iroorzlqj glvfxvvlrqv1
516 Iurp lqfrph srodul}dwlrq wr hwkqlf srodul}dwlrq
Wkh HU<7 lqgh{ ri srodul}dwlrq zdv wkrxjk lqlwldoo| dv d phdvxuh ri lqfrph ru zhdowk srodul}dwlrq1
Dv vxfk lw kdv sureohpv iru lwv hpslulfdo lpsohphqwdwlrq vlqfh lwv ydoxh ghshqgv fulwlfdoo| rq wkh
8Qrwlfh wkdw wkhvh wkuhh ihdwxuhv dsso| qdwxudoo| wr doo hwkqlf glphqvlrqv1
9Wkh lghqwl￿fdwlrq ixqfwlrq frxog dovr lqfoxgh rwkhu fkdudfwhulvwlfv1 Lq rxu fdvh lw pd| ghshqg rq wkh hwkqlf
fkdudfwhulvwlf dqdo|}hg1 Iru lqvwdqfh vrph hwkqlf fkdudfwhulvwlfv jhqhudwh d kljkhu vhqvh ri lghqwlw| wkdq rwkhuv1
:qxpehu ri jurxsv1 Krzhyhu lq whupv ri lqfrph ru zhdowk lw lv qrw fohdu zklfk duh wkh ohyhov wkdw
glvwlqjxlvk gl￿huhqw jurxsv zlwk d frpprq lghqwlw|1 Zkhuh grhv wkh plggoh fodvv vwduwB Krz ￿ulfk￿
lv ulfkB Wklv vwurqj gl!fxow| wrjhwkhu zlwk wkh xqfhuwdlqw| ryhu wkh uljkw sdudphwhu iru ￿ kdv uhgxfh
wkh hpslulfdo dssolfdelolw| ri wkh srodul}dwlrq lqgh{1
Lq wkh fdvh ri hwkqlf glyhuvlw| wkh lghqwlw| ri wkh jurxsv lv ohvv frqwuryhuvldo/ hyhq wkrxjk gdwd
dydlodelolw| pd| jhqhudwh vrph sureohpv:1 Krzhyhu lq wklv fdvh wkh ￿glvwdqfh ehwzhhq dqwdjrqlvwv￿
lv ohvv fohdu wkdq wkh dssolfdwlrq wr lqfrph ru zhdowk;1 Lqvwhdg ri dvvxplqj dq devroxwh glvwdqfh iru
wkh dqwdjrqlvwv ixqfwlrq zh wdnh ￿+=>=, dv jhqhudwhg e| d glvfuhwh phwulf1 Wklv lpsolhv wkdw
￿+|>|3, @3 li | @ |3
@4 li | 9@ |3
Wklv glvfuhwh phwulf lpsolhv wkdw wkh glvwdqfh ehwzhhq wzr lqglylgxdo ri wkh vdph hwkqlf jurxs
lv 3 zkloh wkh glvwdqfh iurp dq lqglylgxdo ri dq| rwkhu jurxs lv htxdo wr 4<1 Wkhuhiruh hwkqlf








l ￿m4+l 9@ m,
zkhuh 4+=, lv dq lqglfdwru ixqfwlrq441 Qrwlfh wkdw lq wklv fdvh/ rssrvlwh wr wkh jhqhudo srodul}dwlrq
lqgh{/ wkh sdudphwhu ￿ 5 ^3>4,=Wkh xvh ri d glvfuhwh phwulf lv uhdvrqdeoh vlqfh wkh lghqwlw| ri wkh
jurxsv lv fohdu dqg lw lv gl!fxow/ dqg suredeo| txlwh duelwudu|/ wr wu| wr phdvxuh wkh dqwdjrqlvp
:Zh douhdg| phqwlrqhg wkh vr fdoohg ￿jurxslqj sureohp￿ zlwk uhvshfw wr wkh Dwodv gdwd1
;Fdvhool dqg Frohpdq +5335, exlog d wkhru| zkhuh ￿jurxs glvwdqfh￿ lv dovr lpsruwdqw1 Krzhyhu lq wkhlu hpslulfdo
dssolfdwlrq wkh| lqfoxgh wkh xvxdo iudfwlrqdol}dwlrq lqgh{/ edvhg rqo| rq uhodwlyh jurxs vl}h1 Zh djuhh zlwk wkhvh
dxwkruv wkdw pruh uhvhdufk vkrxog eh grqh lq rughu wr fdswxuh ￿glvwdqfhv￿ dfurvv hwkqlf jurxsv1
<Qrwlfh wkdw srwhqwldoo| zh frxog ghwhuplqh/ zlwkrxw gh￿qlqj h{solflwo| wkh h{dfw ￿glvwdqfh￿ ehwzhhq wzr jurxsv/
li gl￿huhqw jurxsv duh vx!flhqwo| ￿gl￿huhqw￿ zlwk uhvshfw wr wkhlu suhihuhqfhv dqg glvfuhwl}h wkh glvwdqfhv1
43Wklv lv d orrvh gh￿qlwlrq vlqfh/ dv zh zloo vkrz/ wklv lqgh{ rqo| fdswxuhv wkh edvlf fkdudfwhulvwlfv ri d srodul}dwlrq
phdvxuh li k ’￿ ￿
44E| dqdorj| zh zloo fdoo glvfuhwh Jlql lqgh{ wkh glvfuhwh srodul}dwlrq idplo| zlwk k ’f ￿ Zh duh jrlqj wr glvwlqjxlvk
wklv glvfuhwh Jlql lqgh{ +(￿Efc&￿￿ iurp wkh jhqhudo glvfuhwh srodul}dwlrq +(￿Ek:fc&￿￿ hyhq wkrxjk wkh hduolhu lv
d sduwlfxodu fdvh ri wkh (￿ idplo|1 Dv zh dujxhg ehiruh wkh idfw wkdw k:f lv wkh edvlf dwwudfwlrq ri srodul}dwlrq
phdvxuhv yhuvxv lqhtxdolw| lqglfhv1
;dfurvv hwkqlf jurxsv e| qxpehuv lq U.45= Wkh vdph lv wuxh iru wkh lqgh{ ri iudfwlrqdol}dwlrq1
Wkhuh lv dq dgglwlrqdo sureohp/ zklfk lv jrlqj wr eh ￿qdoo| dq dgydqwdjh/ zkhq hpehgglqj
d glvfuhwh phwulf lqwr wkh srodul}dwlrq phdvxuh S￿1 Lw lv nqrzq wkdw wkh glvfuhwh phwulf dqg wkh
Hxfolghdq phwulf duh qrw htxlydohqw lq U1 Iru wklv uhdvrq wkh dssduhqwo| plqru fkdqjh ri wkh phwulf
lpsolhv wkdw wkh glvfuhwh srodul}dwlrq phdvxuh grhv qrw ixo￿oo dq|pruh wkh d{lrpv wkdw jlyh vxssruw
wr lwv ruljlqdo frqvwuxfwlrq1 Iruwxqdwho| wkhuh lv d ydoxh ri ￿ wkdw uhfryhu wkh xvxdo surshuwlhv ri
wkh srodul}dwlrq phdvxuh/ dv zh zloo glvfxvv lq wkh qh{w vhfwlrq1 Dw wklv srlqw zh vkrxog douhdg|
qrwlfh wkdw wklv lqglfdwru/ xvhg e| Prqwdoyr dqg Uh|qdo0Txhuro +5333/ 5335, dqg Uh|qdo0Txhuro
+5335d, wr phdvxuh uholjlrxv khwhurjhqhlw|46 +UT, pd| khos wr vroyh wkh vlwxdwlrq irxqg lq gl￿huhqw
hpslulfdo vwxglhv47 zkhuh wkh suredelolw| ri flylo zduv/ ru srru hfrqrplf shuirupdqfh/ grhv qrw kdyh
d prqrwrqlf uhodwlrqvkls zlwk HOI1 Zkhq zh sxw wrjhwkhu srodul}dwlrq dqg iudfwlrqdol}dwlrq zh
￿qg rxw wkdw wr kljk ohyhov ri iudfwlrqdol}dwlrq lw fruuhvsrqgv orz ohyhov ri srodul}dwlrq1
51614 Wkh Fdvh ri wzr jurxsv= Q@5
Lq wklv vhfwlrq zh vkrz wkdw iru wkh fdvh ri wzr jurxsv/ lqglfhv ri iudfwlrqdol}dwlrq/ glvfuhwh srodu0
l}dwlrq dqg wkh glvfuhwh Jlql lqgh{ duh wkh vdph1 Qrwlfh/ wkdw iru wkh fdvh ri wzr jurxsv wkh rqo|
gl￿huhqfh ehwzhhq wkh fdvh ri glvfuhwh fdvh dqg wkh jhqhudo fdvh/ frqwuroolqj iru glvwdqfhv/ zloo rqo|
eh d vfdoh sureohp1 Wkhuhiruh wkh uhvxow wkdw IUDJ/ JLQL dqg GS duh wkh vdph/ zloo dovr dsso|
wr wkh phdvxuhphqw ri lqfrph iudjphqwdwlrq/ Jlql lqhtxdolw| dqg srodul}dwlrq zkhq zh wdnh lqwr
dffrxqw wkh glvwdqfhv1 Wklv kdv vhulrxv lpsolfdwlrqv lq wkh hpslulfdo dqdo|vlv/ jlyhq wkdw pdq| wlphv
wkh olwhudwxuh uhihu wr wkh fdvh ri elsrodul}dwlrq/ wkdw lv/ wkh| suhylrxvo| glylgh wkh vrflhw| dprqj
wzr jurxsv dqg wkhq wkh| frpsxwh wkh lqgh{ ri srodul}dwlrq1 Wkh uhvxowv vkrz/ wkdw wkh lqgh{ ri
elsrodul}dwlrq lv wkh vdph dv iudfwlrqdol}dwlrq dqg wkh Jlql lqgh{481
Sursrvlwlrq 4= Iru Q@5 dqg ￿ @4wkh srodul}dwlrq phdvxuhv/ GS+4>n,/ surylghv wkh vdph
45Dv idu dv zh nqrz wkhuh duh qr gdwd dydlodeoh rq wkh phdvxuh ri wkh ￿glvwdqfh￿ ehwzhhq hwkqlf jurxsv hyhq
wkrxjk Srvqhu +5333, frqvlghuv wkdw wkh ghswk ri wkh hwkqlf glylvlrq vkrxog eh dq lqirupdwlrq lqfoxghg lq wkh lqglfhv
ri hwkqlf glyhuvlw|1 Lq sduwlfxodu Srvqhu +5333, dujxhv wkdw ￿e| qrw fdswxulqj wkh ghswk ri wkh hwkqlf fohdydjhv/ lqglfhv
ri hwkqlf iudfwlrqdol}dwlrq ohdyh rxw d srwhqwldoo| lpsruwdqw sduw ri wkh h{sodqdwlrq￿1 Kxpskuh|v +5334, pdnhv d
vlplodu dujxphqw1
46Iurp qrz rq zh zloo fdoo lw wkh UT lqgh{1
47Froolhu +5334, ru Kxpskuh|v +5334,1
48Krzhyhu/ dv zh zloo vkrz lq qh{w vhfwlrq/ rqo| d sduwlfxodu fdvh ri wkh GS idplo| ri srodul}dwlrq lqglfhv zloo kdyh
wklv surshuw| zkhq Q:51 Qhyhuwkhohvv vrph dxwkruv dujxh wkdw wkh iudjphqwdwlrq lqgh{ kdv wklv surshuw| iru Q@5
dqg lpsolflwo| dvvxph lw kdv wkh vdph surshuw| iru Q:51
<udqnlqj rughu dv wkh iudjphqwdwlrq phdvxuhv/ IUDJ1 Wkdw lv GS+4>n, @ n
5IUDJ1 Dgglwlrqdoo| li






l +4 ￿ ￿l, @ n^￿4.￿
4 ￿5 .￿4.￿
5 ￿4‘@n^￿4.￿
4 +4 ￿ ￿4, .+4 ￿ ￿4,4.￿￿4‘@
GS+4>n, @ n^￿5







4 ￿ +4 ￿ ￿4,5 @5 ^ ￿4 ￿￿5
4‘
Wkhuhiruh/ GS+4>n, @ n
5IUDJ/ dqg GS+4>5, @ IUDJiru Q@51￿
Sursrvlwlrq 5= Iru Q@5 wkh glvfuhwh Jlql lqgh{ / GS+3>n,/ lv n wlphv wkh iudjphqwdwlrq lqgh{1
Wkdw lv/ GS+3>n, @ n ￿ IUDJ1 Pruhryhu wkh glvfuhwh Jlql lqgh{ qrupdol}hg e| n @4lv h{dfwo|
wkh iudjphqwdwlrq lqgh{/ GS+3>4, @ IUDJ1
Surri=
Glvfuhwh Jlql lqgh{ fdq eh zulwwhq dv GS+3>n, @ n
5 S
l@4
￿l+4￿￿l, @ n+￿4+4￿￿4,.￿5+4￿￿5,, @
n+￿4 ￿ ￿5
4 .￿5 ￿ ￿5




l, @ n ￿ IUDJ
Wkhuhiruh wkh glvfuhwh Jlql lqgh{/ GS+3>n, @ n ￿ IUDJ/ dqg Jlql GS+3>4, @ IUDJ1￿
Sursrvlwlrq 6= Iru Q@5/ wkh glvfuhwh Jlql lqgh{ lv wzr wlphv wkh srodul}dwlrq lqgh{/ zkhq ￿ @4 >
h{fhsw zkhq wkh n xvhg iru fdofxodwlqj wkh glvfuhwh Jlql/ n/l vn @ +4@5,n3/ zkhuh n3 lv wkh n xvhg
wr fdofxodwh srodul}dwlrq1 Wkdw lv/ GS+3>n, @ GS+4>n3,> wkh glvfuhwh srodul}dwlrq lqgh{/ zkhuh
n @ +4@5,n31
Surri=
Zh nqrz wkdw GS+4>n3, @ n3^￿4 ￿ ￿5
4‘
dqg wkh glvfuhwh Jlql lqgh{ lv GS+3>n, @ n
5 S
l@4
￿l+4 ￿ ￿l, @ n+￿4+4 ￿ ￿4, . ￿4+4 ￿ ￿4,, @
n+￿4+4 ￿￿4,, ￿ 5@
n^￿4 ￿￿5
4‘ ￿ 5@5￿ GS+4>n, @ GS+4>n 3,
Wkhuhiruh GS+3>n, @5 GS+4>n, @ GS+4>n3,>wkh glvfuhwh srodul}dwlrq phdvxuh/ zkhuh n @
+4@5,n3￿
Fruroodu|== GS+3>4, @ GS+4>5, dqg GS+3>5, @ GS+4>7,
Surri=
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Iljxuh 4= srodul}dwlrq yhuvxv iudjphqwdwlrq iru Q@5
Sursrvlwlrq 7= Iru Q@5 wkh glvfuhwh Jlql lqgh{/ wkh iudjphqwdwlrq lqgh{ dqg wkh glvfuhwh sr0
odul}dwlrq phdvxuh/ zlwk d sduwlfxodu qrupdol}dwlrq/ duh wkh vdph1 Zlwkrxw wkh qrupdol}dwlrq wkh|
surylgh wkh vdph udqnlqj rughu1
Surri=
Lw iroorzv iurp Sursrvlwlrq 4 dqg 5 wkdw GS+3>4, @ GS+4>5, @ IUDJ1 ￿
Iljxuh 4 vkrzv wkh qrq0qrupdol}hg glvfuhwh Jlql lqgh{ +wkh iudfwlrqdol}dwlrq lqgh{, dqg wkh
lqgh{ GS+4/7, iru wkh fdvh ri wzr jurxsv1 Dv zh fdq vhh wkh rqo| gl￿huhqfh dprqj wkhp lv wkhlu
qrupdol}dwlrq1 Doo ri wkhp suhvhqw d pd{lpxp dw wkh frq￿jxudwlrq +￿4>￿5, @+318/318,1
51615 Wkh Fdvh ri Q￿5
































































l￿mg @ GS+4>7, zkhuh g @4li m 9@ l/ dqg g @3li l @ m
Qrwlfh wkdw zkhq ￿ @4 / wkh rqo| n wkdw qrupdol}h GS ehwzhhq 3 dqg 4 lv n @7 1 Wkhuhiruh wkh
mxvwl￿fdwlrq iru n @7lv wkdw lq wkdw fdvh GS+4>7, 5 ^3>4‘
￿=






￿l+4 ￿￿l, @ n+￿4+4 ￿￿4, . ￿5+4 ￿￿5, . === .￿q+4 ￿￿q,, @
n+￿4 ￿ ￿5
4 .￿5 ￿ ￿5












l, @ n ￿ IUDJ
Wkhuhiruh GS+3>n, @ n ￿ IUDJdqg GS+3>4, @ IUDJ￿
6 Surshuwlhv ri wkh glvfuhwh srodul}dwlrq lqgh{
Lq wkh odvw vhfwlrq zh kdyh srlqwhg rxw wkh uhodwlrqvkls dprqj gl￿huhqw phdvxuhv ri glyhuvlw| wkdw
kdyh ehhq xvhg lq wkh olwhudwxuh1 Krzhyhu qrw doo wkrvh lqglfhv kdyh wkh surshuwlhv ri d srodul}dwlrq
phdvxuh dv ghvfulehg lq HU<71 Lq idfw wkhuh lv rqo| rqh glvfuhwh srodul}dwlrq phdvxuh wkdw vdwlvi|
doo wkh surshuwlhv1 Wklv vhfwlrq vkrzv wkdw vxfk d phdvxuh lv wkh UT lqgh{1
Ehiruh vkrzlqj wkh dssolfdwlrq ri wkh surshuwlhv ri srodul}dwlrq wr wkh UT lqgh{ zh duh jrlqj wr
glvfxvv vrph surshuwlhv ri wkh glvfuhwh srodul}dwlrq idplo| ri phdvxuhv1 Revhuyh wkdw wkh GS lqgh{



































Wkh ehkdylru ri wkh lqgh{ fulwlfdoo| ghshqgv rq wkh surshuwlhv ri wkh i ixqfwlrq1 E| gl￿huhqwldwlrq

















Wkh i ixqfwlrq lv frqyh{ iru ￿? ￿
5.￿ dqg frqfdyh iru ￿A ￿
5.￿1 Qrwlfh wkdw li ￿ @4 /w k h ql wl v
frqyh{ iru ￿?4@6 dqg frqfdyh iru ￿A4@6 +vhh ￿jxuh 5,1
Xqghuvwdqglqj wkh vkdsh ri wkh ixqfwlrq zkhq ￿ @4lw lv fuxfldo wr xqghuvwdqg wkh surshuwlhv
ri wkh srodul}dwlrq lqgh{ UT dqg GS+4/n,1 Wkh lqwxlwlrq lv vlpsoh1 Li zh wudqvihu srsxodwlrq iurp


































f function alpha 0.5
 f function alpha 1
f function alpha 1.5
Iljxuh 5= wkh i ixqfwlrq
ri wkh jurxsv1 Lpdjlqh d srsxodwlrq frpsrvhg e| wkuhh jurxsv glvwulexwhg lq wkh iroorzlqj zd|
+318/ 3158/ 3158,1 Li zh wudqvihu srsxodwlrq iurp rqh vpdoo jurxs wr wkh rwkhu/ srodul}dwlrq lqfuhdvhv1
Zh duh lq wkh frqyh{ sduw ri wkh ixqfwlrq1 Wkhuhiruh/ i+3=8, .5 i+3=58, ?i+3=8, . i+3=6, . i+3=5,
vlqfh e| frqyh{lw| i+3=58, ?
i+3=6,.i+3=5,
5 1 Krzhyhu li wkh glvwulexwlrq lv +3178/ 3178/ 314,/d q gz h
wudqvihu srsxodwlrq iurp rqh elj jurxs wr wkh rwkhu/ srodul}dwlrq ghfuhdvhv1 Wklv lv ehfdxvh zh duh
lq wkh frqfdyh uhjlrq1 Wkhuhiruh/ i+3=4, .5 i+3=78, Ai +3=4, . i+3=7, . i+3=8, vlqfh e| frqfdylw|
i+3=78, A
i+3=7,.i+3=8,
5 1 Zkdw lv wkh lqwxlwlrq ehklqg wklv uhvxowB Lq wkh ￿uvw fdvh/ hyhq wkdw wudqvihu
lpsolhv wkdw wkh glvwulexwlrq lv pruh xqhtxdo lq wkh qhz vlwxdwlrq= rqh ri wkh vpdoo jurxsv lv odujhu/
uhvshfw wr wkh elj jurxs/ zklfk phdqv wkdw zh duh forvhu wr srodul}dwlrq1 Lq wkh vhfrqg fdvh/ wkh
wudqvihu lpsolhv wkdw rqh ri wkh odujh rssrqhqwv ehfdph vpdoohu/ dqg wkhuhiruh wkh qhz vlwxdwlrq lv
ohvv srodul}hg1 Qrwlfh wkdw wkh uhvxowv lpsolhv wkdw wklv lqgh{ grhv qrw vdwlv￿hv wkh surshuwlhv ri wkh
Oruhq} fxuyh derxw frqfdylw|1 Lq d Oruhq} fxuyh wklv h￿hfw ri prylqj shrsoh ehwzhhq vpdoo ru elj
jurxsv lv wkh vdph1 Lw lv lpsruwdqw wr qrwlfh dqrwkhu gl￿huhqfh zlwk wkh Oruhq} fxuyh grplqdqfh/
zklfk lv wkdw rxu phdvxuh lv joredo dqg wkh Oruhq} fxuyh lv qrw1 Zkloh lq wkh Oruhq} fulwhuld
hvwdeolvkhv wkh lpsdfw rq lqhtxdolw| ri d orfdo wudqvihu lqghshqghqwo| ri wkh vkdsh ri wkh uhvw ri wkh
glvwulexwlrq/ lq rxu fdvh wkh h￿hfw rq srodul}dwlrq ri wkh wudqvihu srsxodwlrq iurp d jurxs wr dqrwkhu
fdq qrw eh hvwdeolvkhg zlwkrxw nqrzlqj wkh hqwluh glvwulexwlrq1
46Qrz lpdjlqh wkdw ￿ @3 =8 ? 41 Wkhq lw lv frqyh{ iru ￿?4@8 dqg frqfdyh iru ￿A4@8 +vhh
￿jxuh 5,1 Dv deryh/ lpdjlqh d srsxodwlrq frpsrvhg e| wkuhh jurxsv glvwulexwhg lq wkh iroorzlqj
zd| +318/ 3158/ 3158,1 Li zh wudqvihu srsxodwlrq iurp rqh vpdoo jurxs wr wkh rwkhu/ qrz wkh lqgh{
ghfuhdvhv lqvwhdg ri lqfuhdvlqj1 Zh duh lq wkh frqfdyh sduw ri wkh ixqfwlrq1 Qrz/ i+3=8,.5i+3=58, A
i+3=8, . i+3=6, . i+3=5, vlqfh e| frqfdylw| i+3=58, A
i+3=6,.i+3=5,
5 = Li wkh glvwulexwlrq lv +317/ 317/
315,/ dqg zh wudqvihu srsxodwlrq iurp rqh elj jurxs wr wkh rwkhu/ wkh lqgh{ dovr ghfuhdvh ehfdxvh
zh duh dovr lq wkh frqfdyh sduw ri wkh ixqfwlrq1 Qrz lw lv qrw lqwxlwlyh1 Lq wkh ￿uvw fdvh/ hyhq wkdw
wudqvihu lpsolhv wkdw wkh glvwulexwlrq lv pruh xqhtxdo lq wkh qhz vlwxdwlrq= rqh ri wkh vpdoo jurxsv lv
odujhu/ uhvshfw wr wkh elj jurxs/ zklfk phdqv wkdw zh duh forvhu wr srodul}dwlrq/ exw wkh lqgh{ grhv
qrw lqglfdwh wklv/ wkh lqgh{ ghfuhdvhv1 Zklfk phdqv wkdw wkh lqgh{ zrxog qrw fdswxuh srodul}dwlrq
lq wkh hqwluh glvwulexwlrq1
Qrz lpdjlqh wkdw ￿ @4 =8 A 41 Wkhq lw lv frqyh{ iru ￿?6@: dqg frqfdyh iru ￿A6@: +vhh ￿jxuh
5,1 Dv deryh/ lpdjlqh d srsxodwlrq frpsrvhg e| wkuhh jurxsv glvwulexwhg lq wkh iroorzlqj zd| +318/
3158/ 3158,1 Li zh wudqvihu srsxodwlrq iurp rqh vpdoo jurxs wr wkh rwkhu/ wkh lqgh{ lqfuhdvhv1 Zh
duh lq wkh frqyh{ sduw ri wkh ixqfwlrq1 Krzhyhu li wkh glvwulexwlrq lv +317/ 317/ 315,/ dqg zh wudqvihu
srsxodwlrq iurp rqh elj jurxs wr wkh rwkhu/ wkh lqgh{ lqfuhdvh lqvwhdg ri ghfuhdvh1 Wklv lv ehfdxvh
zh duh lq wkh frqyh{ sduw ri wkh ixqfwlrq1 Qrz/ i+3=5, .5 i+3=7, ?i +3=5, . i+3=75, . i+3=6;,
vlqfh e| frqyh{lw| i+3=7, ?
i+3=75,.i+3=6;,
5 = Qrz lw lv dovr qrw lqwxlwlyh1 Lq wkh vhfrqg fdvh/ wkh
wudqvihu lpsolhv wkdw rqh ri wkh elj rssrqhqwv ehfdph vpdoohu/ dqg wkhuhiruh wkh qhz vlwxdwlrq lv
ohvv srodul}hg1 Krzhyhu/ wkh lqgh{ zrxog lqglfdwh wkh rssrvlwh/ ehfdxvh wkh lqgh{ lqfuhdvhv lq wkh
qhz vlwxdwlrq lqvwhdg ri ghfuhdvhv/ zklfk phdqv wkdw wkh lqgh{ zrxog qrw fdswxuh srodul}dwlrq lq
wkh hqwluh glvwulexwlrq1
614 Wkh UT lqgh{ dv d srodul}dwlrq phdvxuh








l ￿m zkhuh ￿ 5 ^3>4,














Wkhuhiruh/ iru hdfk srvvleoh ￿/ zh kdyh d gl￿huhqw GS phdvxuh1 Zkdw lv wkh dgplvvleoh vhw ri
ydoxhv ri frh!flhqw ￿ li wkh GS phdvxuh kdv wr vdwlvi| wkh edvlf surshuwlhv ri srodul}dwlrqB
Wkh srodul}dwlrq phdvxuh sursrvhg e| Hvwhedq dqg Ud| +4<<7, lv rewdlqhg e| lpsrvlqj vrph
￿uhdvrqdeoh￿ d{lrpv wr wkh jhqhudo fodvv ri srodul}dwlrq phdvxuhv wkdw zh ghvfuleh lq vhfwlrq 51 Wkh
47edvlf lghd ri wkh d{lrpv lv wr frqfhswxdol}h dq lqgh{ forvho| uhodwhg wr wkh frqfhsw ri vrfldo whqvlrqv1
Zh frqfhqwudwh lq wkh fdvh zkhuh wkh orfdwlrq ri wkh jurxsv lv phdvxuhg e| d glvfuhwh glvwdqfh1
Wkhuhiruh/ vlqfh glvwdqfhv duh htxdo dprqj doo jurxsv/ wkh srodul}dwlrq phdvxuhv rqo| ghshqg ri wkh
vl}hv ri wkh jurxsv1 Grhv wkh GS phdvxuh frqvwuxfwhg lq wklv zd| vdwlvi| wkh edvlf surshuwlhv ri d
srodul}dwlrq phdvxuhB49
Surshuw| 4=
Li wkhuh duh wkuhh jurxsv ri vl}hv/ s/ t/ dqg u/ dqg sAtdqg t ￿ u/ wkhq li zh phujh wkh wzr
vpdoohvw jurxsv lqwr d qhz jurxs/ h t/ wkh qhz glvwulexwlrq lv pruh srodul}hg wkdq wkh ruljlqdo rqh1
Wkdw lv/ SRO+s>t>u, ?SR O +s> h t, zkhuh h t @ t .u4:=
Wkhruhp 4= GS+￿>n, vdwlv￿hv surshuw| 4 li dqg rqo| li ￿ ￿ 41 +Surri lq wkh dsshqgl{,
Surshuw| 4e= Vxssrvh wkdw wkhuh duh wzr jurxsv zlwk vl}h ￿4 dqg ￿51 Wdnh dq| rqh jurxs dqg






￿ lv wkh qhz yhfwru ri




￿l @ ￿51 Wkhq srodul}dwlrq xqghu
q
￿ lv vpdoohu wkdq xqghu ￿=
Wkhruhp 5= Wkh GS+￿>n, phdvxuh vdwlvi| surshuw| 4e li dqg rqo| li ￿ ￿ 41
+Surri lq wkh dsshqgl{,1
Dqrwkhu surshuw| ri srodul}dwlrq phdvxuhv lv wkdw wkh| dwwdlq wkhlu pd{lpxp dw d elsrodu v|p0
phwulf glvwulexwlrq1 Lq wkh fdvh ri wkh idplo| ri glvfuhwh srodul}dwlrq phdvxuhv zh fdq vkrz wkh
iroorzlqj ohppd1
Ohppd 4= Wkh GS+￿>n, lqgh{ dwwdlqv lwv pd{lpxp dw d elsrodu v|pphwulf glvwulexwlrq li dqg
rqo| li ￿ ￿ 41 +Surri lq wkh dsshqgl{,
Surshuw| 5= Dvvxph wkdw wkhuh duh wkuhh jurxsv ri vl}hv s/t/s1 Wkhq li zh vkliw pdvv iurp wkh
t jurxs htxdoo| wr wkh rwkhu wzr jurxsv/ srodul}dwlrq lqfuhdvhv1 Wkdw lv/ SRO+s>t>s, ?S R O +s .
{>t ￿ 5{>s .{,4;=
49Qrwlfh wkdw/ lq rxu fdvh/ zh gr qrw xvh wkh whup ￿d{lrp￿ vlqfh zh duh qrw lqwhuhvwhg lq ghvfulelqj dqg qduurzlqj
grzq d jhqhudo fodvv ri glvfuhwh srodul}dwlrq phdvxuhv1 Zh rqo| zdqw wr fkhfn li wkh GS phdvxuh sursrvhg lq wklv
sdshu vdwlv￿hv wkrvh surshuwlhv1
4:Wklv surshuw| fruuhvsrqgv wr d{lrpv 4/ 5 dqg 7 lq HU<71 Qrwlfh wkdw wkh gl￿huhqfh ehwzhhq d{lrpv 4 dqg 5 lv
wkh ruljlqdo glvwdqfh ehwzhhq jurxsv zklfk lv wkh vdph iru GS phdvxuhv1 D{lrp 7 doorzv wkh vl}h ri rqh ri wkh jurxsv
wr eh yhu| vpdoo1
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x DP with alpha 0.5
DP with alpha 1 (RQ)
DP with alpha 1.5
Iljxuh 6= GS lqglfhv dv d ixqfwlrq ri wkh wudqvihu
Wkhruhp 6= Wkh rqo| GS+￿>n, phdvxuh wkdw vdwlvi| surshuw| 5 iru dq| glvwulexwlrq lv wkh rqh
vxfk wkdw ￿ @4 1 Qrwlfh wkdw wklv lv suhflvho| wkh UT srodul}dwlrq phdvxuh1 +Surri lq wkh dsshqgl{,
Iljxuh 6 jlyhv vrph lqwxlwlrq ri wkh vrxufh ri wkh uhvxow lq wkhruhp 61
Fruroodu|= Wkh rqo| idplo| ri GS phdvxuhv wkdw vdwlv￿hv surshuwlhv 4 dqg 5 lv wkh rqh zlwk
￿ @4 >GS+4>n,= Qrwlfh wkdw zkhq ￿ @4 / wkh rqo| n wkdw qrupdol}h GS ehwzhhq 3 dqg 4 lv n @7
dqg wklv lv wkh UT lqgh{1
Iljxuh 7/ wr : vkrz wkh vkdsh ri GS lq wkh xqlw vlpsoh{ iru irxu ydoxhv ri wkh sdudphwhu/
￿ @3 >￿ @4 >￿ @3 =8 dqg ￿ @4 =8 uhvshfwlyho|1 Wkh [ dqg \ d{lvhv phdvxuh wkh vl}h ri wzr ri
wkh wkuhh jurxsv1 Wkh ] d{lv uhsuhvhqwv wkh ydoxh ri wkh lqgh{1 Lq wkh fdvh ri ￿ @3+Iljxuh 7, zh
fdq vhh wkdw wkh lqgh{ +zklfk lv wkh iudjphqwdwlrq lqgh{, lqfuhdvhv prqrwrqlfdoo| xs wr wkh srlqw
+426/426/426, zklfk lpsolhv htxdo vl}h jurxsv1 Iljxuh 8 vkrzv wkdw lq wkh fdvh ri wkh UT lqgh{/
ru GS+4/7,/ wkh pd{lpxp lv uhdfk zkhq wkhuh duh wzr jurxsv ri htxdo vl}h dqg wkh lqgh{ lqfuhdvhv
prqrwrqlfdoo| xs wr wkdw srlqw1 Iljxuh 9 suhvhqwv wkh glvfuhwh srodul}dwlrq lqgh{ iru ￿ @3 =81L q
wklv fdvh +426/426/426, uhsuhvhqwv d joredo pd{lpxp zkloh wzr jurxsv ri htxdo vl}h uhsuhvhqw d orfdo
pd{lpxp1 Wklv lqgh{/ wkhuhiruh/ gr qrw gholyhuv d prqrwrqlf phdvxuh ri khwhurjhqhlw|1 Ilqdoo|/
iru ￿ @4 =8 wkh glvfuhwh srodul}dwlrq phdvxuh kdv wkh joredo pd{lpxp dw wzr jurxsv ri htxdo
vl}h1 Krzhyhu/ lw kdv d orfdo plqlpxp dw +426/426/426, dqg/ wkhuhiruh/ odfnv dovr wkh prqrwrqlflw|
49uhsuhvhqwhg e| surshuw| 51 Iurp wkhvh ￿jxuhv zh fdq vhh wkdw rqo| zkhq ￿ @4wkh GS lqgh{ lv
prqrwrqlf dqg vkrzv d pd{lpxp dw wkh elsrodu vlwxdwlrq +wzr jurxsv zlwk vl}h,1 Wkhuhiruh zkhq
glvwdqfhv dprqj jurxsv duh glvfuhwh wkh rqo| glvfuhwh srodul}dwlrq lqgh{ wkdw vdwlv￿hv wkh surshuwlhv
ri srodul}dwlrq +rqh dqg wzr, lv wkh rqh vxfk wkdw ￿ @4 1 Qrwlfh wkdw wklv lv suhflvho| zkdw zh kdyh
fdoohg wkh UT srodul}dwlrq lqgh{1
7 D wkhruhwlfdo mxvwl￿fdwlrq= frq lfw dqg srodul}dwlrq
Lq wkh odvw vhfwlrq zh kdyh mxvwl￿hg wkh xvh ri wkh UT lqgh{ dv d phdvxuh wkdw vdwlv￿hv wkh edvlf
surshuwlhv ri srodul}dwlrq1 Krzhyhu wkdw lv rqo| d sduw ri wkh wkhruhwlfdo irxqgdwlrqv wkdw zh zhuh
vhhnlqj wr mxvwli| wkh UT lqgh{1 Lq wklv vhfwlrq zh vkrz wkdw wkh UT lqgh{ fdq eh ghulyhg iurp d
vlpsoh prgho ri uhqw vhhnlqj4<1
Ohw*v dvvxph wkdw wkh vrflhw| lv frpsrvhg e| Q lqglylgxdov glvwulexwhg lq P jurxsv1 Ohw ￿l eh
wkh sursruwlrq ri lqglylgxdov lq jurxs l> ￿l @ ql@Q= Vrflhw| fkrrvh dq rxwfrph ryhu wkh P srvvleoh
lvvxhv1 Zh lghqwli| lvvxh l dv wkh rxwfrph prvw suhihuuhg e| jurxs l1 Zh wklqn ri hdfk rxwfrph dv
d sxuh sxeolf jrrg iru wkh jurxs phpehuv1 Gh￿qh xlm dv wkh xwlolw| ghulyhg e| d phpehu ri jurxs
l li lvvxh m lv fkrvhq e| vrflhw|1 Dv zh zdqw wr ghvfuleh d sxuh frqwhvw fdvh wkhq xll Ax lm @3iru
doo l/ m zlwk l 9@ m1
Ehfdxvh ri wkh uhqw vhhnlqj qdwxuh ri wkh prgho zh dvvxph wkdw djhqwv fdq wu| wr dowhu wkh
rxwfrph e| vshqglqj uhvrxufhv lq idyru ri wkhlu suhihuuhg rxwfrph1 Wkhuhiruh wkhuh zloo eh P
srvvleoh rxwfrphv ghshqglqj rq wkh uhvrxufhv vshqg e| hdfk ri wkh P jurxsv1 Ohw*v gh￿qh {l dv wkh




￿l{l1 Iroorzlqj wklv lqwhusuhwdwlrq U fdq eh wkrxjkw dv d phdvxuh ri wkh lqwhqvlw| ri
vrfldo frq lfw1 Wkh frvw ri uhvrxufhv/ ru h￿ruw/ { iru hdfk lqglylgxdo lv f+{,1 Zh duh jrlqj wr dvvxph
wkdw wkh frvw ixqfwlrq/ ru h￿ruw glvxwlolw|/ lv txdgudwlf/ f+{, @ +4@5,{5=
Wkh edvlf hohphqw ri dq| uhqw0vhhnlqj prgho lv wkh frqwhvw vxffhvv ixqfwlrq/ zklfk gh￿qhv wkh
suredelolw| ri vxffhvv1 Zh duh jrlqj wr xvh wkh wudglwlrqdo udwlr irup iru wkh frqwhvw vxffhvv ixqfwlrq
dqg gh￿qh sm dv wkh suredelolw| wkdw lvvxh m lv fkrvhq/ zklfk ghshqgv rq wkh uhvrxufhv vshqw e| hdfk
jurxs lq idyru ri hdfk rxwfrph m @4 >111P/ surylghg wkdw UA31
4<Hvwhedq dqg Ud| +4<<<, qrwlfh dovr wkh uhodwlrqvkls ehwzhhq srodul}dwlrq dqg frq lfw dowkrxjk wkh| glg qrw
sursrvhg dq| sduwlfxodu lqglfdwru1 Wkh prgho suhvhqwhg lq wklv vhfwlrq lv d yhu| vlpsoh uhqw vhhnlqj prgho zklfk fdq
dovr eh lqwhusuhwhg dv d sduwlfxodu fdvh ri Hvwhedq dqg Ud| +4<<<,1
4:Iljxuh 7= Lqgh{ ri iudfwlrqdol}dwlrq ru glvfuhwh srodul}dwlrq zlwk ￿ @3 =
4;Iljxuh 8= UT lqgh{ ru glvfuhwh srodul}dwlrq zlwk ￿ @4
4<Iljxuh 9= Glvfuhwh srodul}dwlrq iru ￿ @3 =8









Lq sduwlfxodu wklv ixqfwlrq vdwlv￿hv wkh surshuw| wkdw dq htxlsursruwlrqdwh fkdqjh lq h￿ruw ri
doo sod|huv zrxog ohdyh wkh zlqqlqj suredelolw| ri hyhu| sod|hu xqfkdqjhg531 Wkhq hdfk phpehu
ri jurxs l kdv wr ghflgh wkh dprxqw ri uhvrxufhv vkh zdqwv wr h{shqg lq rughu wr pd{lpl}h wkh
h{shfwhg xwlolw| ixqfwlrq wdnhq lqwr dffrxqw wkdw vkh grhvq*w fduh derxw qrq0suhihuuhg rxwfrphv dqg








l @ slxll ￿+4@5,{5
l
vxemhfw wr sm @ ￿m{m@U= Dv zh dvvxph d sxuh frqwhvw fdvh dqg/ xlm @3iru doo m 9@ l> dqg dw
ohdvw rqh jurxs h{shqg srvlwlyh uhvrxufhv/ {m A 3> iru vrph m 9@ l> wkh ￿uvw rughu frqglwlrqv wkdw
vroyh wkh sureohp duh
￿5
l+xll ￿xllsl, @ ￿l{lU




l+xll ￿ xllsl, @ U5
Lq wkh sxuh frqwhvw fdvh wkh lqglylgxdov rqo| kdyh d srvlwlyh xwlolw| iurp wkhlu prvw suhihuuhg













￿5 ￿l/ zklfk lv wkh UT lqgh{ ri srodul}dwlrq1
Surri=
Lw lv hdv| wr vkrz wkdw li J@5 wkhq wkh uhvrxufhv vshqg e| hdfk lqglylgxdo ri dq| jurxs duh wkh





















￿l+4 ￿ n+ 4













n ￿￿l . ￿5
l,￿l
Dv U lv d phdvxuh ri wkh wrwdo uhvrxufhv vshqw/ ru h￿ruw/ iru oree|lqj sxusrvhv/ wkhq lw fdq eh
lqwhusuhwhg dv dq lqgh{ ri +srwhqwldo, frq lfw1 Qrwlfh wkdw iru n @7wklv lqgh{ lv qrupdol}hg ehwzhhq
3 dqg 4/ dqg fdq eh uhzulwwhq dv
53Lq jhqhudo wkh udwlr irup ri wkh frqwhvw vxffhvv ixqfwlrq wdnhv wkh irup R￿*R2 ’ E%￿*%2￿5 zkhuh 5 gh￿qhv li wkhuh






























zklfk lv suhflvho| wkh UT lqgh{1￿
Sursrvlwlrq ;= Li wkhuh duh J jurxsv ri htxdo vl}h54/ q4 @ ==== @ qJ/ wkh qrupdol}h +vtxduhg, wrwdo






Surri= Lpphgldwh iurp sursrvlwlrq 41
Iljxuh ; vkrzv wkh judsk ri wkh iudfwlrqdol}dwlrq lqgh{ dqg wkh srodul}dwlrq lqgh{ lq ixqfwlrq ri
wkh qxpehu ri jurxsv zkhq doo ri wkhp kdyh wkh vdph vl}h1 Dv zh glvfxvvhg lq wkh suhylrxv vhfwlrq
zkloh wkh srodul}dwlrq lqgh{ kdv d pd{lpxp dw wzr jurxsv wkh iudfwlrqdol}dwlrq lqgh{ jurzv zlwk
wkh qxpehu ri jurxsv1
8 Wkh hpslulfdo shuirupdqfh= iudfwlrqdol}dwlrq yhuvxv srodu0
l}dwlrq
Lq wklv vhfwlrq zh frpsduh wkh hpslulfdo shuirupdqfh ri phdvxuhv ri iudfwlrqdol}dwlrq dqg lqglfdwruv
ri srodul}dwlrq lq wkh h{sodqdwlrq ri hfrqrplf jurzwk1 Srolwlfdo lqvwdelolw| kdv ehhq d xeltxrxv
54Qrwlfh wkdw lq wkh fdvh ri wzr jurxsv wklv frqglwlrq zdv qrw qhhghg1
56h{sodqdwru| yduldeoh lq hpslulfdo vshfl￿fdwlrqv ri hfrqrplf jurzwk vlqfh wkh yhu| ehjlqqlqj ri wkh
qhz hpslulfdo olwhudwxuh rq jurzwk1 Eduur +4<<4,/ dqg pdq| dxwkruv diwhu klp/ kdyh lqfoxghg
frxsv/ uhyroxwlrqv dqg dvvdvvlqdwlrqv dv h{sodqdwru| yduldeohv dqg vkrz wkdw wkh| kdyh d qhjdwlyh
dqg vljql￿fdqw h￿hfw rq jurzwk1 Pruh uhfhqwo| vrph sdshuv +Pdxur 4<<8/ Hdvwhuo| dqg Ohylqh 4<<:
ru Eduur 4<<:, kdyh vkrzq wkh qhjdwlyh h￿hfw ri hwkqrolqjxlvwlf iudfwlrqdol}dwlrq rq lqyhvwphqw dqg
jurzwk1 Krzhyhu zh dujxhg lq wkh wkhruhwlfdo sduw ri wklv duwlfoh wkdw wkh lqgh{ ri srodul}dwlrq lv
wkh surshu lqglfdwru wr fdswxuh wkh h{whqw ri vrfldo frq lfwv1 Wkhuhiruh hwkqlf srodul}dwlrq vkrxog
kdyh dq lqgluhfw dqg qhjdwlyh h￿hfw rq lqyhvwphqw dqg jurzwk1 Exw wkhq/ lv lw srodul}dwlrq ru
iudfwlrqdol}dwlrq zkdw pdwwhuv lq wkh h{sodqdwlrq ri jurzwk lq khwhurjhqhrxv vrflhwlhvB
Ehiruh zh dqvzhu wklv txhvwlrq zh vkrxog dgguhvv dqrwkhu pdwwhu1 Duh srodul}dwlrq dqg iudf0
wlrqdol}dwlrq lqglfhv yhu| gl￿huhqwB Lq sulqflsoh/ dv zh vkrzhg lq vhfwlrq 5/ srodul}dwlrq dqg iudf0
wlrqdol}dwlrq vkrxog kdyh d kljk fruuhodwlrq zkhq wkh qxpehu ri jurxsv lv wzr exw wkh| pd|eh yhu|
gl￿huhqw li wkh qxpehu ri jurxsv lv juhdwhu wkdq wzr1 Lq wklv vhfwlrq zh frqvlghu wzr glphqvlrqv
ri vrfldo khwhurjhqhlw| wkdw kdyh ehhq wkh irfxv ri uhfhqw hfrqrplf uhvhdufk= hwkqlf dqg uholjlrxv
glyhuvlw|1 Wkh gdwd frph iurp Prqwdoyr dqg Uh|qdo0Txhuro +5333/ 5335,551 Iljxuh < suhvhqwv wkh
uhodwlrqvkls ehwzhhq hwkqlf srodul}dwlrq dqg iudfwlrqdol}dwlrq1 1 Iljxuh < vkrzv wkdw iru orz ohyhov ri
iudfwlrqdol}dwlrq wkh uhodwlrqvkls ehwzhhq hwkqlf iudjphqwdwlrq56 dqg hwkqlf srodul}dwlrq lv srvlwlyh
dqg forvh wr olqhdu1 Krzhyhu iru wkh phglxp udqjh wkh uhodwlrqvkls lv }hur dqg iru kljk ohyhov ri
iudfwlrqdol}dwlrq wkh uhodwlrqvkls zlwk srodul}dwlrq lv qhjdwlyh571 Iljxuh 43 suhvhqwv wkh vfdwwhusorw
ri uholjlrxv iudjphqwdwlrq yhuvxv uholjlrxv srodul}dwlrq1 Lw vkrzv d vlplodu sdwwhuq= iru orz ohyhov ri
uholjlrxv iudfwlrqdol}dwlrq wkh uhodwlrqvkls zlwk srodul}dwlrq lv srvlwlyh dqg forvh wr olqhdu1 Krzhyhu
iru lqwhuphgldwh dqg kljk ohyhov ri uholjlrxv iudfwlrqdol}dwlrq wkh uhodwlrqvkls lv }hur1 Wkhuhiruh wkh
fruuhodwlrq lv orz zkhq wkhuh lv kljk uholjlrxv khwhurjhqhlw|/ zklfk lv wkh lqwhuhvwlqj fdvh1 Wklv idfw
lv lpsruwdqw zkhq vwxg|lqj lvvxhv ri ghyhorsphqw jlyhq wkdw prvw ri wkh Diulfdq frxqwulhv suhvhqw
d kljk ohyho ri srodul}dwlrq1 Zh vkrxog qrwlfh wkdw wklv odfn ri fruuhodwlrq iru lqwhuphgldwh dqg kljk
ohyhov ri iudfwlrqdol}dwlrq lv sduwlfxoduo| lpsruwdqw vlqfh wklv lv wkh vlwxdwlrq wkdw zh h{shfw lv pruh
qhjdwlyh iru frq lfw/ lqyhvwphqw ru jurzwk1
55Wkh gdwd rq hwkqlf glyhuvlw| xvhv wkh hwkqrolqjxlvwlf fulwhulrq ri wkh ZFH +Zruog Fkulvwldq Hqf|forshgld,1 Wkh
gdwd rq uholjlrxv glyhuvlw| frphv iurp ￿O*Hwdw ghv Uholjlrqv gdqv oh prqgh￿1
56Hwkqlf iudjphqwdwlrq kdv d yhu| kljk fruuhodwlrq zlwk wkh wudglwlrqdo hwkqrolqjxlvwlf iudjphqwdwlrq lqglfdwru HOI1
57Wkh fruuhodwlrq ehwzhhq hwkqlf iudjphqwdwlrq dqg hwkqlf srodul}dwlrq lv 31951 Zh nqrz wkdw wkh ￿jxuh orrnv yhu|
vlplodu iru dq| vrxufh ri gdwd rq hwkqlf glyhuvlw| +￿jxuhv xsrq uhtxhvw,1 Dv zh dujxhg ehiruh wkh gl￿huhqfh ehwzhhq














































































Iljxuh 43= Uhodwlrqvkls ehwzhhq uholjlrxv iudjphqwdwlrq dqg srodul}dwlrq
58Wdeoh 4 vkrzv wkh udqnlqj ri wkh prvw hwkqlfdoo| srodul}hg frxqwulhv yhuvxv wkh prvw iudjphqwhg1
Zh hpskdvl}h lq lwdolfv wkh frxqwulhv zhuh wkhuh kdyh ehhq d flylo zdu gxulqj wkh vdpsoh shulrg1
Wkh vrxufh iru flylo zduv lv Gr|oh dqg Vdpedqlv +5333,1 Dv idu dv zh nqrz wklv lv wkh odujhvw dqg
prvw uljrurxv gdwdvhw rq flylo zdu dydlodeoh1 Gr|oh dqg Vdpedqlv +5333, gh￿qh flylo zdu dv dq
duphg frq lfw zlwk wkh iroorzlqj fkdudfwhulvwlfv= ￿+d, lw fdxvhg pruh wkdq rqh wkrxvdqg ghdwkv>
+e, lw fkdoohqjhg wkh vryhuhljqw| ri dq lqwhuqdwlrqdoo| uhfrjql}hg vwdwh> +f, lw rffxuuhg zlwklq wkh
uhfrjql}hg erxqgdu| ri wkdw vwdwh> +g, lv lqyroyhv wkh vwdwh dv d sulqflsdo frpedwdqw> +h, lw lqfoxghg
uhehov zlwk wkh delolw| wr prxqw rujdql}hg duphg rssrvlwlrq wr wkh vwdwh> dqg +i, wkh sduwlhv zhuh
frqfhuqhg zlwk wkh survshfwv ri olylqj wrjhwkhu lq wkh vdph srolwlfdo xqlw diwhu wkh hqg ri wkh zdu￿581
Dv zh fdq vhh lq wdeoh 4 qlqh rxw ri wkh whq prvw hwkqlfdoo| srodul}hg frxqwulhv kdyh vx￿huhg
d flylo zdu gxulqj wkh vdpsoh shulrg1 Lq wkh fdvh ri hwkqlf iudjphqwdwlrq rqo| irxu rxw ri wkh whq
prvw iudjphqwhg frxqwulhv kdyh vx￿huhg d flylo zdu1
Wdeoh 4
Udqnlqj ri hwkqlf khwhurjhqhlw|
Hwkqlf Srodul}dwlrq Hwkqlf Iudjphqwdwlrq
4 Hulwuhd 4 Wdq}dqld
5 Jxdwhpdod 5 Xjdqgd
6 Qljhu 6 Lqgld
7 Qljhuld 7 Lyru| Frdvw
8 Vlhuud Ohrqd 8 Ehqlq
9 Ervqld 9 Pdol
: Olehuld : Sklolsslqhv
; Mrugdq ; Jderq
< Nhq|d < Jxlqhd0Elvvdx
43 Pr}dpeltxh 43 Fdphurrq
Wdeoh 5 suhvhqwv wkh udqnlqj ri frxqwulhv e| uholjlrxv srodul}dwlrq dqg iudjphqwdwlrq1 Zh fdq
vhh wkdw/ dv lq wdeoh4/f l y l oz d u vd u hf r q f h q wudwhg lq wkh frxqwulhv zlwk wkh kljkhvw ohyho ri uholjlrxv
srodul}dwlrq1 Vhyhq rxw ri whq ri wkh frxqwulhv zlwk wkh kljkhvw ohyho ri uholjlrxv srodul}dwlrq vx￿huhg
d flylo zdu gxulqj wkh vdpsoh shulrg1 Krzhyhu rqo| irxu rxu ri wkh whq frxqwulhv zlwk wkh kljkhvw
ohyho ri uholjlrxv iudjphqwdwlrq vx￿huhg d flylo zdu1
58Wklv gh￿qlwlrq lv sudfwlfdoo| lghqwlfdo wr Vlqjhu dqg Vpdoo +4<;5/ 4<<7, dqg Olfnolghu +4<<6/ 4<<8,1
59Wdeoh 5
Udqnlqj ri uholjlrxv khwhurjhqhlw|
Uholjlrxv Srodul}dwlrq Uholjlrxv Iudjphqwdwlrq
4 Hulwuhd 4 Nruhd
5 Erwvzdqd 5 Vxulqdph
6 Grplqlfdq Uhsxeolf 6 Krqj Nrqj
7 Pdgdjdvfdu 7 Pdod|vld
8 ]lpedezh 8 Fklqd
9 Qljhuld 9 Lqgrqhvld
: Exuxqgl : Wdq}dqld
;I l m l ; Fdphurrq
< Vlhuud Ohrqh < Lyru| Frdvw
43 Ervqld 43 Olehuld
Wdeohv 4 dqg 5 duh xvhg rqo| dv dq lqirupdo glvfxvvlrq rq wkh lvvxh ri wkh uhodwlrqvkls ehwzhhq
srodul}dwlrq/ iudjphqwdwlrq dqg flylo zduv1 Wdeoh 6 suhvhqwv wkh hvwlpdwlrq ri d orjlw prgho iru
wkh lqflghqfh ri flylo zduv dv d ixqfwlrq ri srodul}dwlrq dqg iudjphqwdwlrq phdvxuhv ri hwkqlf dqg
uholjlrxv glyhuvlw|1 Wkh vdpsoh lqfoxghv 46; frxqwulhv ryhu wkh shulrg 4<930<81 Zh glylgh wkh
vdpsoh lq shulrgv ri ￿yh |hduv1 Wkh hqgrjhqrxv yduldeoh lv wkh lqflghqfh ri d flylo zdu gxulqj
hdfk ￿yh |hduv shulrg1 Wkh gdwd frph iurp Gr|oh dqg Vdpedqlv +5333, dqg/ dv lq wkhlu fdvh/ zh
frqvlghu wzr dowhuqdwlyh yduldeohv= flylo zduv dqg hwkqlf flylo zduv +qrw lqfoxglqj lghrorjlfdo flylo
zduv,1 Wkh edvlf vshfl￿fdwlrq lv wdnhq iurp Gr|oh dqg Vdpedqlv +5333, dqg Froolhu dqg Krh"hu
+4<<;,1 Wkhuhiruh wkh h{sodqdwru| yduldeohv lqfoxgh wkh orj ri wkh srsxodwlrq dw wkh ehjlqqlqj ri wkh
shulrg59 +OSRS,/ wkh orj ri uhdo JGS shu fdslwd lq wkh lqlwldo |hdu ri hdfk shulrg +OJGSF,/w k h
ohyho ri ghprfudf| +GHPS6,5: dqg uhjlrqdo gxpplhv dv zhoo dv wkh lqglfhv ri iudjphqwdwlrq5; dqg
srodul}dwlrq5<1 Zkhqhyhu dq| uholjlrxv lqgh{ +hlwkhu srodul}dwlrq ru iudfwlrqdol}dwlrq, lv xvhg dv d
59Wklv lv qhfhvvdu| jlyhq wkdw wkh wudglwlrqdo gh￿qlwlrq ri flylo zdu lqfoxghv d plqlpxp qxpehu ri ghdwkv dv rqh
ri wkh gh￿qlqj fulwhuld1
5:Zh frqvwuxfw wkh ghprfudf| gxpp| xvlqj wkh Srolw| LLL gdwdvhw zklfk lv wkh odujhvw dqg orqjhvw vdpsoh vrxufh
ri lqirupdwlrq rq ghprfudf|1 Qrwlfh wkdw Jdvwlo*v lqgh{ ri ghprfudf| grhv qrw frqwdlq gdwd iru shulrgv ehiruh 4<:31
Qhyhuwkhohvv wkh fruuhodwlrq ehwzhhq Jdvwlo*v lqgh{ dqg rxu GHPS6 yduldeoh iru wkh shulrg lq zklfk wkh| ryhuods lv
pruh wkdq 31<1 Wr ghwhuplqh wkh ghprfudwlf vwdwxv ri d frxqwu| zh fkrrvh ohyho 7 dv wkh olplw1 Wkhuhiruh dq| frxqwu|
zlwk d ohyho ohvv wkdq 7 lv frqvlghuhg dq dxwrfudf|1
5;Reylrxvo| Froolhu dqg Krh"hu +4<<;, dqg Gr|oh dqg Vdpedqlv +5333, xvh rqo| lqglfhv ri iudjphqwdwlrq1
5<Froolhu dqg Krh"hu +4<<;, dovr xvh sulpdu| h{sruwv dv h{sodqdwru| yduldeoh1 Krzhyhu wkhuh duh pdq| plvvlqj
5:uhjuhvvru zh dovr lqfoxgh d vhw ri gxpp| yduldeohv iru wkh pdmru uholjlrxv jurxs lq rughu wr dyrlg
wkh frqixvlrq ri wkh h￿hfw ri wkh lqgh{ zlwk wkh fkdudfwhulvwlfv ri wkh pdmru uholjlrq631
Wdeoh 6 vkrzv wkh uhvxowv iru wkh lqflghqfh ri dq| flylo zdu1 Dv lq Gr|oh dqg Vdpedqlv +5333, dqg
Froolhu dqg Krh"hu +4<<;, lqlwldo JGS shu fdslwd kdv d qhjdwlyh h￿hfw zkloh wkh vl}h ri srsxodwlrq
kdv d srvlwlyh h￿hfw1 Wkh ohyho ri ghprfudf| kdv qr h￿hfw rq flylo zduv641 Vshfl￿fdwlrq +4, vkrzv wkdw
hwkqlf srodul}dwlrq kdv d srvlwlyh dqg vljql￿fdqw h￿hfw rq flylo zduv zkloh hwkqlf iudjphqwdwlrq kdv
qr h￿hfw1 Jlyhq wklv lq +5, zh holplqdwh hwkqlf iudjphqwdwlrq zlwkrxw kdylqj dq| h￿hfw rq wkh edvlf
uhvxowv1 Vshfl￿fdwlrq +6, frpsduhv wkh h￿hfw ri uholjlrxv srodul}dwlrq yhuvxv uholjlrxv iudjphqwdwlrq1
Lw lv lqwhuhvwlqj wr qrwlfh wkdw uholjlrxv srodul}dwlrq kdv d srvlwlyh dqg yhu| vljql￿fdqw h￿hfw rq
wkh lqflghqfh ri d flylo zdu zkloh uholjlrxv iudjphqwdwlrq kdv d qhjdwlyh h￿hfw1 Zh vkrxog qrwlfh
dw wklv srlqw wkdw/ dv zh dujxhg ehiruh/ li wkh qxpehu ri jurxsv lv odujhu wkdq wzr wkh h{lvwhqfh ri
pdq| vpdoo jurxsv lqfuhdvhv iudfwlrqdol}dwlrq exw uhgxfhv srodul}dwlrq dqg wkh suredelolw| ri frq lfw1
Dqrwkhu lqwhuhvwlqj idfw derxw vshfl￿fdwlrq +6, lv wkdw lw lpsolhv d odujhu svhxgr0U5 wkdq zkhq xvlqj
wkh hwkqlf lqglfhv1 Ilqdoo| froxpq +7, lqfoxghv doo wkh hwkqlf dqg uholjlrxv lqglfdwruv1 Lw wxuqv rxw
wkdw uholjlrxv srodul}dwlrq dqg hwkqlf srodul}dwlrq frqwlqxh kdylqj d srvlwlyh dqg vljql￿fdqw h￿hfw
rq wkh lqflghqfh ri d flylo zdu zkloh hwkqlf iudjphqwdwlrq kdv qr h￿hfw dqg uholjlrxv iudjphqwdwlrq
kdv hyhq d qhjdwlyh h￿hfw1
ydoxhv dqg wkh vl}h ri wkh vdpsoh lv uhgxfhg gudvwlfdoo|1 Lq dgglwlrq wkh| wxuq rxw wr eh qrw vljql￿fdqwo| gl￿huhqw
iurp 31
63Lq dq| fdvh/ iru prvw ri wkh uhjuhvvlrqv wkhvh uholjlrxv gxpp| yduldeohv duh qrw vljql￿fdqwo| gl￿huhqw iurp 31
64Uh|qdo0Txhuro +5335f, vkrzv wkdw ghprfudf| lv qrw d wrwdoo| h￿hfwlyh ydfflqh djdlqvw flylo zduv1 Lw lv wkh lq0
whudfwlrq ehwzhhq ghprfudf| dqg fkhfnv dqg edodqfhv zkdw pdwwhuv wr dyrlg flylo zduv1 Vdpedqlv+5334, Khjuh hw
do1+5334, dqg Uh|qdo0Txhuro +5335d/f, ￿qg hylghqfh wkdw plg0ohyho ghprfudflhv duh pruh surqh wr flylo zduv wkdw ixoo
ghprfudflhv ru ixoo dxwrfudflhv1 Wkh lqwhusuhwdwlrq pd| eh wkdw iru vwduwlqj d flylo zdu vrph ohyho ri iuhhgrp lv qhhghg
wr ohw shrsoh rujdql}h1
5;Wdeoh 6
Srro Orjlw= ￿yh |hduv shulrgv ehwzhhq 4<9304<<8
Ghshqghqw yduldeoh= Flylo Zdu Lqflghqfh
Yduldeoh +4, +5, +6, +7,
F 316; 3184 4169 31;9
+3156, +3164, +31:5, +3176,
Orj lqlwldo JGS shu fdslwd 031<; 031<7 04137 04138
+81;3, +819;, +8153, +8149,
Orj srsxodwlrq 3178 3173 317: 317<
+71<;, +71<4, +8139, +71<5,
Ghprfudf| S6 3174 316; 316< 3167
+4196, +4186, +4177, +415:,
Hwkqlf Srodul}dwlrq 514; 41:; 418<
+6186, +6157, +515<,
Hwkqlf Iudjphqwdwlrq 031;5 0314:
+416;, +3159,
Uholjlrxv Srodul}dwlrq 9134 816;
+616;, +51<7,
Uholjlrxv Iudjphqwdwlrq 0<183 0<135
+614<, +51<9,
Uholjlrxv gxpplhv qr qr |hv |hv
Q :86 :86 :79 :6<
Svhxgr0U5 3149 3149 314; 314<
-Devroxwh w0vwdwlvwlfv duh ehwzhhq sduhqwkhvlv1
Wdeoh 7 suhvhqw wkh vdph vshfl￿fdwlrq exw xvlqj dv ghshqghqw yduldeoh wkh lqflghqfh ri dq hwkqlf
flylo zdu1 Wkh uhvxowv ri wdeoh 6 duh edvlfdoo| frq￿uphg e| wkhvh hvwlpdwlrqv1 Lqlwldo JGS kdv d
qhjdwlyh h￿hfw zkloh lqlwldo srsxodwlrq kdv d qhjdwlyh h￿hfw dqg ghprfudf| kdv qr h￿hfw1 Li zh rqo|
lqfoxgh hwkqlf srodul}dwlrq dqg iudjphqwdwlrq/ dv lq +4,/ erwk duh vljql￿fdqwo| gl￿huhqw iurp 3 exw
rqo| hwkqlf srodul}dwlrq kdv d srvlwlyh h￿hfw1
5<Wdeoh 7
Srro Orjlw= ￿yh |hduv shulrgv ehwzhhq 4<9304<<8
Ghshqghqw yduldeoh= Hwkqlf Flylo Zdu Lqflghqfh
Yduldeoh +4, +5, +6, +7,
F 031;8 31<; 031:3 03178
+3179, +317;, +316;, +3153,
Orj lqlwldo JGS shu fdslwd 04137 0413; 04144 0413;
+818<, +8136, +71<;, +71;:,
Orj srsxodwlrq 318< 3186 3195 318:
+8193, +71<<, +8177, +8176,
Ghprfudf| S6 3178 3176 3169 3168
+418;, +416:, +4146, +4145,
Hwkqlf Srodul}dwlrq 6168 51:7 5164
+71::, +6184, +6168,
Hwkqlf Iudjphqwdwlrq 041:< 031;:
+519;, +414:,
Uholjlrxv Srodul}dwlrq ;156 :16; :1::
+714<, +61:4, +61<6,
Uholjlrxv Iudjphqwdwlrq 04516 04417 04514
+61;4, +617<, +61:6,
Uholjlrxv gxpplhv qr |hv |hv |hv
Q :86 :3: :33 :33
Svhxgr0U5 3155 3157 3159 3159
-Devroxwh w0vwdwlvwlfv duh ehwzhhq sduhqwkhvlv1
Vshfl￿fdwlrq +5, vkrzv dovr wkdw uholjlrxv srodul}dwlrq kdv d srvlwlyh h￿hfw zkloh uholjlrxv iudj0
phqwdwlrq kdv d qhjdwlyh h￿hfw1 Zkhq zh lqfoxgh wrjhwkhu doo wkh lqglfdwruv wkhq hwkqlf iudjphqwd0
wlrq ehfrphv lqvljql￿fdqw/ srodul}dwlrq +uholjlrxv dqg hwkqlf, kdv d srvlwlyh h￿hfw rq wkh suredelolw|
ri d flylo zdu dqg uholjlrxv iudjphqwdwlrq kdv d qhjdwlyh h￿hfw1 Iurp wdeohv 6 dqg 7 zh fdq frqfoxgh
wkdw srodul}dwlrq +hwkqlf dqg uholjlrxv, kdv d srvlwlyh lpsdfw rq wkh lqflghqfh ri flylo zduv zkloh
iudfwlrqdol}dwlrq kdv qr h￿hfw/ ru hyhq d qhjdwlyh h￿hfw1 Dv lw lv zhoo nqrzq wkh qhjdwlyh h￿hfw ri
srolwlfdo lqvwdelolw| rq jurzwk zh dujxh wkdw srodul}dwlrq zloo kdyh/ wkurxjk lwv lqflghqfh rq flylo
63zduv/ d qhjdwlyh h￿hfw rq jurzwk1 Wkhuh duh pdq| hpslulfdo duwlfohv wkdw kdyh grfxphqwhg wkh
qhjdwlyh h￿hfw ri srolwlfdo lqvwdelolw| dqg flylo zduv rq jurzwk651 Qhyhuwkhohvv/ dv zh duh xvlqj d
qhz dqg h{whqg gdwdvhw rq flylo zdu/ zh vkrxog dovr vkrz wkdw zlwk wklv gdwd wkhuh lv dq lqgluhfw
qhjdwlyh h￿hfw ri srodul}dwlrq +hwkqlf dqg uholjlrxv, rq jurzwk1 Iru wklv sxusrvh wdeoh 8 suhvhqwv
wkh hvwlpdwlrq ri wkh edvlf vshfl￿fdwlrq ri Eduur +4<<4, lqfoxglqj srodul}dwlrq dqg iudjphqwdwlrq
phdvxuhv661 Zh dovr lqfoxgh doo wkh srolwlfdo lqvwdelolw| sur{lhv xvhg e| wkdw dxwkru dqg hvwlpdwh
d VXUH v|vwhp +jurzwk dqg flylo zdu uhjuhvvlrqv67, iru wkh vdpsoh shulrg 4<9304<<3 glylghg lq
￿yh |hduv shulrgv1 Froxpqv +4, dqg +5, vkrz wkh uhvxowv iru wkh hwkqlf phdvxuhv1 Froxpq +4,
frq￿upv wkh qhjdwlyh dqg vljql￿fdqw h￿hfw ri flylo zduv rq jurzwk68 zkloh froxpq +5, frq￿upv wkh
srvlwlyh h￿hfw ri hwkqlf srodul}dwlrq rq flylo zduv dqg wkh lqvljql￿fdqw h￿hfw ri hwkqlf iudjphqwd0
wlrq1 Zlwk uhvshfw wr uholjlrxv glyhuvlw|/ froxpqv +6, dqg +7,/ wkh uhvxowv vkrz rqfh djdlq wkdw lw
lv uholjlrxv srodul}dwlrq zkdw kdv d srvlwlyh h￿hfw rq flylo zduv1 Dovr lq wklv v|vwhp wkh h￿hfw ri
flylo zduv rq jurzwk lv qhjdwlyh1 Qrwlfh wkdw zh kdyh dujxhg wkdw hwkqlf2uholjlrxv srodul}dwlrq kdv
d qhjdwlyh h￿hfw rq jurzwk/ wkurxjk lwv lpsdfw rq wkh suredelolw| ri flylo zduv/ exw hwkqlf2uholjlrxv
iudjphqwdwlrq kdv qr h￿hfw wkurxjk wklv fkdqqho691
9 Frqfoxvlrqv
Wkh uhfhqw olwhudwxuh rq wkh lpsdfw ri hwkqlf glyhuvlw| rq jurzwk kdv wdnhq dv jlyhq/ zlwkrxw pxfk
glvfxvvlrq/ wkdw wkh surshu phdvxuh iru khwhurjhqhlw| vkrxog eh fdofxodwhg e| xvlqj wkh iudfwlrq0
dol}dwlrq lqgh{1 Wkh srsxodulw| ri wklv lqgh{ uhvwv edvlfdoo| rq lwv wudglwlrqdo xvh lq wkh lqgxvwuldo
hfrqrplfv olwhudwxuh1 Lq dgglwlrq/ iru hpslulfdo sxusrvhv/ wkh uhdg|0pdgh qdwxuh ri wkh hwkqrolq0
65Pxugrfk dqg Vdqgohu +5335, ￿qg d qhjdwlyh h￿hfw ri flylo zduv rq jurzwk xvlqj wkh Pdqnlz/ Urphu dqg Zhlo
+4<<5, vshfl￿fdwlrq1
66Prqwdoyr dqg Uh|qdo0Txhuro +5335, uhsruw vlplodu ￿qglqjv +wkh qhjdwlyh h￿hfw ri uholjlrxv srodul}dwlrq rq jurzwk
zkloh uholjlrxv iudjphqwdwlrq kdv qr vljql￿fdqw h￿hfw, xvlqj wkh vshfl￿fdwlrq ri Pdqnlz/ Urphu dqg Zhlo +4<<5,1
67Qrwlfh wkdw wklv hvwlpdwlrq lv vlpso| d frq￿updwru| h{huflvh1 Iurp dq hfrqrphwulf srlqw ri ylhz zh frxog lpsuryh
wklv vshfl￿fdwlrq vlqfh zh nqrz wkdw wkh olqhdu suredelolw| prgho lv qrw wkh ehvw fkrlfh iru gxpp| hqgrjhqrxv
yduldeohv1 Prqwdoyr dqg Uh|qdo0Txhuro +5333, vkrz wkdw wkh lqgluhfw h￿hfw ri hwkqlf2uholjlrxv srodul}dwlrq fdq eh
wudfhg lq wzr dgglwlrqdo fkdqqhov= wkh qhjdwlyh h￿hfw ri hwkqlf2uholjlrxv srodul}dwlrq rq lqyhvwphqw dqg lwv srvlwlyh
h￿hfw rq sxeolf h{shqglwxuh1 Wkhuhiruh wkhlu VXUH v|vwhp lqfoxghv d jurzwk htxdwlrq dqg htxdwlrqv iru lqyhvwphqw/
sxeolf h{shqglwxuh dqg flylo zduv1
68Lq idfw zkhq flylo zduv duh lqfoxghg doo wkh rwkhu srolwlfdo lqvwdelolw| yduldeohv +dvvdvvlqdwlrqv/ frxsv/ hwf, wxuq
rxw wr kdyh d qrq0vljql￿fdqw sdudphwhu1
69Krzhyhu hwkqlf2uholjlrxv iudjphqwdwlrq pd| kdyh d gluhfw h￿hfw rq jurzwk mxvwl￿hg e| d orvv ri frppxqlfdwlrq
dujxphqw1 Krzhyhu iudjphqwdwlrq lv qrw vljql￿fdqw iru flylo zduv dqg vrfldo frq lfwv1
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Variable  Growth  Civil War    Growth  Civil war 









Average ratio Investment/GDP   0.51 
(4.66) 
   0.51 
(4.66) 
 








Secondary School  0.00 
(0.78) 
   0.00 
(0.78) 
 
Primary School  0.00 
(0.62) 
   0.00 
(0.62) 
 
Government spending  -0.51 
(-4.46) 
   -0.51 
(-4.46) 
 
Average revolutions per year  -0.00 
(-0.56) 
   -0.00 
(-0.56) 
 
Assassination per milion pop year  -0.00 
(-1.28) 
   -0.00 
(-1.27) 
 
Average coups d’etat per year  -0.01 
(-0.83) 










   -0.02 
(-0.73) 
 
Civil War  -0.06 
(-2.92) 
   -0.07 
(-3.05) 
 
Log population    0.05 
(4.04) 
   0.04 
(3.29) 
Democracy P3    0.07 
(2.07) 
   0.06 
(1.75) 
Ethnic Polarization    0.22 
(2.51) 
    
Ethnic Fragmentation    -0.08 
(-0.91) 
    
Religious Polarization          0.53 
(2.53) 
Religious Fragmentation          -0.73 
(-2.17) 
Regional dummies  Yes  Yes    Yes  Yes 
N 448  448    448  448 
R-squared 0.3007  0.1223    0.3007  0.1490 
 jxlvwlf iudjphqwdwlrq lqgh{/ HOI/ kdv idyruhg lwv zlghvsuhdg xvh vlqfh lw grhv qrw lpsolhg dq| h￿ruw
ri ￿qglqj qhz gdwd dqg frqvwuxfwlqj dq lqgh{1 Zh dujxh wkdw wkh dghtxdf| ri d v|qwkhwlf lqgh{ ri
khwhurjhqhlw| ghshqgv rq wkh lqwulqvlf fkdudfwhulvwlfv ri wkh khwhurjhqhrxv glphqvlrq wr eh phdvxuhg
dqg wkh skhqrphqrq xqghu vwxg|1 Lq wkh fdvh ri hwkqlf glyhuvlw| wkhuh lv d yhu| vwurqj frq lfwlyh
glphqvlrq/ ehvlghv wkh frppxqlfdwlrq sureohpv hpskdvl}hg e| wkh olwhudwxuh1 Iru wklv uhdvrq zh
dujxh wkdw wkh phdvxuh ri khwhurjhqhlw| vkrxog eh rqh ri wkh fodvv ri glvfuhwh srodul}dwlrq phdvxuhv1
Lq frqwudvw zlwk wkh xvxdo sureohp ri srodul}dwlrq lqglfhv/ zklfk duh ri gl!fxow hpslulfdo lpsoh0
phqwdwlrq zlwkrxw pdnlqj vrph duelwudu| fkrlfh ri sdudphwhuv/ zh vkrz wkdw wkh rqo| glvfuhwh
srodul}dwlrq idplo| wkdw vdwlv￿hv wkh edvlf surshuwlhv ri srodul}dwlrq lv wkh rqh zlwk d frh!flhqw
htxdo wr 41 Lq dgglwlrq wkh rqo| vfdoh sdudphwhu wkdw qrupdol}hv wklv lqgh{ ehwzhhq 3 dqg 4 wdnhv
wkh ydoxh 71 Wkhvh sdudphwhuv gh￿qh d xqltxh phdvxuh ri glvfuhwh srodul}dwlrq zklfk frlqflghv zlwk
wkh lqglfdwru sursrvhg e| Uh|qdo0Txhuro +5335d, +UT, iru wkh phdvxuhphqw ri hwkqlf dqg uholjlrxv
khwhurjhqhlw|1 Dgglwlrqdoo| zh vkrz wkdw wkh UT lqgh{ fdq eh ghulyhg iurp d vlpsoh uhqw vhhnlqj
prgho1
Lq wkh hpslulfdo vhfwlrq zh vkrz wkh fruuhodwlrq ehwzhhq hwkqlf iudjphqwdwlrq dqg hwkqlf sr0
odul}dwlrq lv srvlwlyh dqg yhu| kljk +forvh wr olqhdu, iru orz ohyhov ri iudjphqwdwlrq1 Krzhyhu iru
lqwhuphgldwh dqg kljk ohyhov ri hwkqlf iudfwlrqdol}dwlrq wkh fruuhodwlrq lv }hur ru hyhq qhjdwlyh1 Wkh
vdph uhvxowv krog iru wkh uhodwlrqvkls ehwzhhq uholjlrxv iudjphqwdwlrq dqg uholjlrxv srodul}dwlrq1
Xvlqj wkh prvw frpprqo| xvhg vshfl￿fdwlrq iru wkh lqflghqfh ri flylo zduv dqg jurzwk zh ￿qg
wkdw zkloh srodul}dwlrq/ hlwkhu hwkqlf ru uholjlrxv/ kdv d odujh lpsdfw rq flylo zduv lqflghqfh dqg/
lqgluhfwo|/ rq jurzwk/ iudfwlrqdol}dwlrq kdv qr lpsdfw rq duphg frq lfwv1 Wkhuhiruh/ wkurxjk wklv
lqgluhfw fkdqqho hwkqlf2uholjlrxv srodul}dwlrq kdv dq lpsruwdqw uroh lq wkh h{sodqdwlrq ri orqj uxq
jurzwk1
Ilqdoo| wkh UT lqgh{ fdq eh xvhg wr phdvxuh srodul}dwlrq lq d frqwh{w gl￿huhqw iurp wkh hwk0
qlf2uholjlrxv frq lfw1 Lq idfw dq| vlwxdwlrq wkdw jhqhudwhv uhqw vhhnlqj dfwlylwlhv/ hlwkhu lq pdunhwv ru
lq srolwlfdo lqvwlwxwlrqv/ fdq eh vxlwdeoh iru wklv phdvxuh ri khwhurjhqhlw|1 Wkhuhiruh/ wkh UT lqgh{
frxog eh dq dowhuqdwlyh wr wudglwlrqdo Khu￿qgdko*v lqgh{= ghshqglqj rq wkh wkhruhwlfdo frqwh{w wzr
￿upv fdq ohdg wr d pruh frpshwlwlyh ehkdylru wkdq pdq| ￿upv1
65DSSHQGL[=
Surri ri Wkhruhp 4=
Surri ri vx!flhqf|=






















































Iru wkh wkuhh srlqw glvwulexwlrq +s>t>u, wkh glvfuhwh srodul}dwlrq phdvxuh lv
GS+￿>n,+s>t>u, @4￿sn+ 4
n ￿s￿ .s4.￿, ￿ tn+ 4
n ￿ t￿ .t4.￿, ￿ un+ 4
n ￿ u￿ .u4.￿,
Iru wkh dowhuqdwlyh glvwulexwlrq +s> h t, wkh GS lqgh{ lv
GS+￿>n,+s>h t, @4￿ sn+ 4
n ￿ s￿ .s4.￿, ￿ h tn+ 4
n ￿ h t￿ . h t4.￿,
zkhuh t .u @ h t
Wkhuhiruh
GS+￿>n,+s>h t, ￿GS+￿>n,+s>t>u, @ tn+ 4
n ￿t￿ .t4.￿,.un+ 4
n ￿u￿ .u4.￿,￿ h tn+ 4
n ￿ h t￿ . h t4.￿, @
tn+ 4
n ￿t￿ . t4.￿, .un+ 4
n ￿u￿ . u4.￿, ￿+t . u,n+ 4
n ￿ h t￿ . h t4.￿, @
tn^+ 4
n ￿ t￿ .t4.￿, ￿ + 4
n ￿ h t￿ . h t4.￿,‘.
.un^+ 4
n ￿u￿ .u4.￿, ￿ + 4
n ￿ h t￿ . h t4.￿,‘@
Ohw*v gh￿qh k+￿, @ + 4
n ￿￿￿ . ￿4.￿,= Wkh ￿uvw ghulydwlyh ri wklv ixqfwlrq lv
k3+￿, @ ￿￿￿￿￿4 . +4.￿,￿￿
Qrwlfh wkdw k3+￿￿, @3zkhq ￿￿ @ ￿
4.￿= Hydoxdwlqj dw wkh ￿uvw ghulydwlyh zh rewdlq wkdw k+￿, lv
d vwulfwo| lqfuhdvlqj iru doo ￿A￿ ￿ dqg d vwulfwo| ghfuhdvlqj ixqfwlrq iru doo ￿?￿ ￿1
Zh fdq zulwh wkh gl￿huhqfh lq GS zkhq zh phujh wzr vpdoo jurxsv lq ixqfwlrq ri k+=, dv
GS+￿>n,+s>h t, ￿ GS+￿>n,+s>t>u, @ tn+k+t, ￿ k+h t,, . un+k+u, ￿ k+h t,,
Zh zdqw wr vkrz wkdw li ￿ ￿ 4 wkhq k+t, Ak +h t, dqg k+u, Ak +h t, iru doo t>u ? 4
5 dqg/ wkhuhiruh/
GS+￿>n,+s>h t, ￿GS+￿>n,+s>t>u, lv srvlwlyh iru dq| glvwulexwlrq ri s/ t dqg u1
Lq sulqflsoh zh vkrxog dqdo|}h wzr srvvleoh fdvhv= zkhq wkh phujh uhvxowv lq d jurxs wkdw lv
vpdoohu wkdq wkh ruljlqdo odujhvw jurxs +h t ￿ s, dqg zkhq wkh phujh ri wkh vpdoohvw jurxsv lv odujh
wkdq wkh ruljlqdoo| odujhvw jurxs +h tA s ,1
FDVH 4= t . u @ h t ￿ s1
Lq wklv fdvh t . u @ h t ￿ 4
5= dqg u ￿ t?4
5
66Vlqfh h t lv vpdoohu wkdq s/ wkhq h t ￿ 4
5/ Wkhuhiruh zh qhhg wkdw k+￿l, Ak +h t, iru doo ￿l 3 h t ￿ 4
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Wkhuhiruh li k+t>u, Ak +h t, iru doo t>u ￿ 4
5/w k h qk+￿, kdv wr eh d ghfuhdvlqj ixqfwlrq iru doo
￿ ￿ 4
51 Wklv lv rqo| srvvleoh li ￿￿+￿, ￿ 4@5=Exw vlqfh ￿￿ @ ￿
4.￿ ￿ 4
5/ wkh odwwhu lv vdwlv￿hg li dqg
rqo| li ￿ ￿ 41
Wkhuhiruh iru k ehlqj vwulfwo| ghfuhdvlqj iru doo t>u ￿ 4@5/ lpsolhv wkdw wkh GS lqgh{ kdv wr
vdwlvi| surshuw| 4 li ￿ ￿ 4=
FDVH 5= t . u @ h tAs
Lq wklv fdvh wkh plqlpxp ydoxh iru s lv/ s @ 4
6 .%> dqg wkh pd{lpxp ydoxh iru h t @ 5
6 ￿%1 Qrwlfh
wkdw qrz t dqg u fdq qrw eh dq| ydoxh ehwzhhq +3> 5
6,/ rwkhuzlvh zrxog ylrodwh wkh dvvxpswlrq wkdw
t>u ? s1 Wkhuhiruh/ wkh pd{lpxp ydoxh iru t dqg u lv/ t @ 4
6>u@ 4
6 ￿%1 Wklv lv sureohpdwlf ehfdxvh
zh grq*w qhhg wkdw k eh ghfuhdvlqj iru ￿ ￿ 5
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Qrz iru hdfk ydoxh ri h t>zklfk phdqv d ydoxh iru s/ wkhuh lv d srvvleoh pd{lpxp ydoxh iru t/
zklfk lq wkh olplw lv s1 Wkhuhiruh zkdw zh qhhg wr vkrz lv wkdw k+pd{t, Ak +s, ￿ k+h t,/
Zh kdyh wr vkrz wkhuhiruh/ wkdw k+pd{t, Ak +s, ￿ k+h t, lq doo wkh udjh ri h t 5 ^4
5> 5
6‘=Wklv phdqv
wkdw zh kdyh wr dqdo|}h wkh udqjh ri srvvlelolwlhv zkhq 4
6 ?t? 4
5 zkhq 4
5 ￿ h t?5
6
Qrwlfh wkdw dv h t ghfuhdvh/ wkhq s lqfuhdvhv/ dqg wkhq wkh udqjh ri srvvleoh t dovr lqfuhdvhv/ dqg
wkhuhiruh lq wkh olplw wkh pd{lpxp t @ s/ lqfuhdvhv1 Wkhuhiruh/
Li wkh iroorzlqj lqhtxdolw| k+4
6 .%, ￿ k+ 5
6 ￿%, lv vdwlv￿hg iru doo %/ phdqv wkdw zkhq h tAs / wkhq
surshuw| 4 lv vdwlv￿hg1
Vr zh orrn zklfk idplolhv ri GS phdvxuhv vdwlvi| wklv lqhtxdolw|=
k+4




6 .%,4.￿ ￿ 4 ￿+ 5
6 ￿ %,￿ . +5
6 ￿%,4.￿
0+4
6 .%,￿ .+ 4
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6 . %￿ 4‘ ￿ +5
6 ￿ %,￿^5
6 ￿ %￿ 4‘
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Wkhuhiruh lq rughu wklv lqhtxdolw| eh vdwlv￿hg iru doo ydoxhv ri % zh qhhg wkdw ￿ ￿ 41 Lw zrxog
dovr eh wuxh iru u/ jlyhq wkdw u ￿ t ￿ 4
5/ dqg zh kdyh vkrzq wkdw k lv ghfuhdvlqj ixqfwlrq ri ￿ ￿ 4
51
Wkhuhiruh/ GS+￿>n,+sh t, ￿ GS+￿>n,+s>t>u, li ￿ ￿ 4
Surri ri qhfhvvlw|=
67E| frqwudglfwlrq1 Zh fdq vkrz wkdw li ￿?4/ wkhq wkhuh dozd|v h{lvw d glvwulexwlrq ri s>t>u
vxfk wkdw wkh srodul}dwlrq diwhu phujlqj wkh wzr vpdoohvw jurxsv lv vpdoohu wkdq wkh ruljlqdo/ wkdw lv
wr vd| GS+￿>n,+sh t, ?G S+￿>n,+s>t>u,=
Frqvlghu wkh fdvh vxfk wkdw t @ u= Wkhuhiruh h t @5 t1
Ohw*v qrz frpsxwh/
GS+￿>n,+sh t, ￿GS+￿>n,+s>t>u, @
5t^n+ 4
n ￿ t￿ .t4.￿,‘ ￿n5t^+ 4
n ￿ +5t,￿ .+5t,4.￿,‘@
5nt^4
n ￿ t￿ . t4.￿ ￿ 4
n .+5t,￿ ￿ +5t,4.￿‘@
5nt^￿t￿ .t4.￿ . +5t,￿ ￿+5t,4.￿‘@
Zh zdqw wr vkrz wkdw iru ￿?4/ wkhuh dozd|v h{lvw d vhw ri t 5 ^t￿> 4
6,/ vxfk wkdw ^￿t￿ .t4.￿ .
+5t,￿ ￿+5t,4.￿‘ ? 3
t￿+t ￿ 4, .+5t,￿+4 ￿ 5t, ? 3
+5t,￿+4 ￿ 5t, ? ￿t￿+t ￿ 4,









Qrwlfh wkdw li t @ u wkhq t?4
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6/ wkhq
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6 lv 51






Wkhuhiruh/ iru dq| ￿?4/ wkhuh h{lvw d vhw ri t3 5 ^t￿> 4
6,/ vxfk wkdw GS+￿>n,+sh t, ?G S+￿>n,+s>t>u,￿
Surri ri Wkhruhp 5=
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Ohw*v gh￿qh k+￿, @ + 4
n ￿￿￿ . ￿4.￿,=Wkh ￿uvw ghulydwlyh ri wklv ixqfwlrq lv
k3+￿, @ ￿￿￿￿￿4 . +4.￿,￿￿
Qrwlfh wkdw k3+￿￿, @3zkhq ￿￿ @ ￿
4.￿1 Hydoxdwlqj dw wkh ￿uvw ghulydwlyh zh rewdlq wkdw k+￿, lv
d vwulfwo| lqfuhdvlqj iru doo wkh ￿A￿ ￿/ dqg d vwulfwo| ghfuhdvlqj ixqfwlrq iru doo wkh ￿?￿ ￿1
Zh fdq zulwh wkh gl￿huhqfh lq GS lq ixqfwlrq ri k+=, dv
GS+￿>n,Q@5 ￿ GS+￿>n,Q@q.4 @
q.4 S
l@5
h ￿l^k+h ￿l, ￿ k+￿5,‘
Zh zdqw wr vkrz wkdw li ￿ ￿ 4 wkhq k+h ￿l, Ak +￿5, iru doo h ￿l ? 4
5 dqg/ wkhuhiruh/ GS+￿>n,Q@5 ￿
GS+￿>n,Q@q.4 lv srvlwlyh iru dq| glvwulexwlrq11
Lq sulqflsoh zh vkrxog dqdo|}h wzr srvvleoh fdvhv= zkhq zh vsolw wkh vpdoo jurxs +￿5 ￿ ￿4, dqg
zkhq zh vsolw wkh odujhvw jurxs +￿5 A￿ 4,1
FDVH 4= Li ￿5 ￿ ￿41
Lq wklv fdvh ￿5 ￿ 4
5= dqg h ￿l ? 4
5
Vlqfh ￿5 lv vpdoohu wkdq ￿5/ wkhq ￿5 ￿ 4
5/ Wkhuhiruh zh qhhg wkdw k+h ￿l, Ak +￿5, iru doo h ￿l ?￿ 5 ￿
4
51
Wkhuhiruh li k+h ￿l, Ak +￿5, iru doo h ￿l ￿ 4
5/ wkhq k+￿, kdv wr eh d ghfuhdvlqj ixqfwlrq iru doo ￿ ￿ 4
51
Wklv lv rqo| srvvleoh li ￿￿+￿, ￿ 4@5=Exw vlqfh ￿￿ @ ￿
4.￿ ￿ 4
5/ wkh odwwhu lv vdwlv￿hg li dqg rqo| li
￿ ￿ 41
Wkhuhiruh iru k ehlqj vwulfwo| ghfuhdvlqj iru doo h ￿l ￿ 4@5/ lpsolhv wkdw wkh GS lqgh{ kdv wr
vdwlvi| surshuw| 4 li ￿ ￿ 4=
FDVH 5= ￿5 A￿ 4
Lq wkdw fdvh wkh pd{lpxp ydoxh wkdw h ￿l fdq wdnh lq wkh olplw zrxog eh ￿4/ wkdw lv pd{ h ￿l @ ￿4￿%1
Wkh ydoxh iru ￿5 @ +4 ￿ ￿4,1 Qrwlfh wkdw qrz h ￿l fdq qrw eh dq| ydoxh ehwzhhq +3>4 ￿ ￿4,
/ rwkhuzlvh zrxog ylrodwh wkh dvvxpswlrq wkdw h ￿l ?￿ 41 Wkhuhiruh/ wkh pd{lpxp ydoxh iru h ￿l lv
pd{h ￿l @ ￿4 ￿ %>1 Wklv lv sureohpdwlf ehfdxvh zh grq*w qhhg wkdw k eh ghfuhdvlqj iru ￿ ￿ ￿51
69Qrz iru hdfk ydoxh ri ￿5>zklfk phdqv d ydoxh iru ￿4/ wkhuh lv d srvvleoh pd{lpxp ydoxh iru h ￿l/
zklfk lq wkh olplw lv ￿41 Wkhuhiruh zkdw zh qhhg wr vkrz lv wkdw k+pd{h ￿l, Ak +￿4, ￿ k+￿5,/
Zh kdyh wr vkrz wkhuhiruh/ wkdw k+pd{￿4, Ak +￿4, ￿ k+￿5, lq doo wkh udqjh ri ￿5 5 ^4
5>4 ￿
￿4‘=Wklv phdqv wkdw zh kdyh wr dqdo|}h wkh udqjh ri srvvlelolwlhv zkhq ￿4 ? e ￿l ? 4
5 zkhq 4
5 ￿ ￿5 ?
4 ￿￿4
Qrwlfh wkdw dv ￿5 ghfuhdvhv/ wkhq ￿4 lqfuhdvhv/ dqg wkhq wkh udqjh ri srvvleoh h ￿l dovr lqfuhdvhv/
dqg wkhuhiruh lq wkh pd{ h ￿l +wkdw lq wkh olplw @￿4, dovr lqfuhdvhv1 Wkhuhiruh/
Li wkh iroorzlqj lqhtxdolw| k+￿4 . %, ￿ k+4 ￿ ￿4 ￿ %,= lv vdwlv￿hg iru doo %/ phdqv wkdw zkhq
￿5 A￿ 4/ wkhq surshuw| 4 lv vdwlv￿hg1
Vr zh orrn zklfk idplolhv ri GS+￿>n, phdvxuhv vdwlv￿hv wklv lqhtxdolw|=
k+￿4 . %, ￿ k+4 ￿￿4 ￿ %,
4 ￿ +￿4 .%,￿ .+￿4 . %,4.￿ ￿ 4 ￿ +4 ￿ ￿4 ￿%,￿ .+4 ￿ ￿4 ￿%,4.￿
0+￿4 . %,￿ . +￿4 .%,4.￿ ￿￿ +4 ￿ ￿4 ￿%,￿ .+4 ￿ ￿4 ￿%,4.￿
+￿4 . %,￿^￿4 .% ￿4‘ ￿ +4 ￿￿4 ￿ %,￿^4 ￿￿4 ￿ %￿ 4‘










Wkhuhiruh lq rughu wklv lqhtxdolw| eh vdwlv￿hg iru doo ydoxhv ri % zh qhhg wkdw ￿ ￿ 41 Pruhryhu lw
zrxog dovr eh wuxh iru doo h ￿l ￿ pd{h ￿l jlyhq wkdw zh kdyh vkrzq wkdw k lv d ghfuhdvlqj ixqfwlrq ri
￿1
Wkhuhiruh/ GS+￿>n,Q@5 ￿ GS+￿>n,Q@q.4 li ￿ ￿ 4
Surri ri qhfhvvlw|=
E| frqwudglfwlrq1 Zh fdq vkrz wkdw li ￿?4/ wkhq wkhuh dozd|v h{lvw d glvwulexwlrq ri ￿ vxfk
wkdw wkh srodul}dwlrq ehiruh vsolwlqj rqh jurxs lv vpdoohu wkdq wkh qhz glvwulexwlrq/ wkdw lv wr vd|
GS+￿>n,+Q@5, ?G S+￿>n,+Q@Q.4,=
Frqvlghu wkh fdvh vxfk wkdw wkh glvwulexwlrq dprqj wzr jurxsv lv frpsrvhg e| ￿4dqg ￿5= Wkhq
wkh glvwulexwlrq ri Q .4jurxsv lv frpsrvhg e| ￿4dqg h ￿5 @ h ￿6 @ h ￿7 @ === @ h ￿Q.4 @ ￿/ vxfk wkdw
Q.4 S
l@5









n ￿ ￿￿ .￿4.￿,‘ ￿ n+Q￿,+ 4
n ￿+Q￿,￿ . +Q￿,4.￿, @
Q￿n^ 4
n ￿ ￿￿ .￿4.￿ ￿ 4
n . +Q￿,￿ ￿ +Q￿,4.￿‘@
Q￿n^￿￿￿ . ￿4.￿ .+Q￿,￿ ￿ +Q￿,4.￿‘@
zh zdqw wr vkrz wkdw iru ￿?4/ wkhuh dozd|v h{lvw d vhw ri ￿ 5 ^￿￿￿> 4
Q,/ vxfk wkdw Q￿n^￿￿￿ .
￿4.￿ . +Q￿,￿ ￿+Q￿,4.￿‘ ? 3
wkdw ￿￿￿ .￿4.￿ . +Q￿,￿ ￿+Q￿,4.￿ ? 3
￿￿+￿ ￿4, . +Q￿,￿+4 ￿Q￿, ? 3
+Q￿,￿+4 ￿ Q￿, ? ￿￿￿+￿ ￿ 4,








Qrwlfh wkdw li h ￿5 @ h ￿6 @ h ￿7 @ === @ h ￿Q.4 @ ￿/ wkhq ￿? 4











Wkhuhiruh/ iru dq| ￿?4/ wkhuh dozd|v h{lvw d vhw ri ￿3 5 ^￿￿￿> 4
Q.4,/ vxfk wkdw GS+￿>n,+Q@5,
?G S+￿>n,+Q@Q.4,￿
Surri ri Ohppd 4=
Vwhs 4= Vxssrvh wkhuh duh Q jurxsv ri dq| vl}h1 Wdnh wkh eljjhvw rqh dqg vhsdudwh lw iurp wkh
rwkhuv1 Wkhq phujh doo wkh rwkhu jurxsv lqwr rqh jurxs1 E| surshuw| 4e wkh GS phdvxuh lqfuhdvhv
li dqg rqo| li ￿ ￿ 41 Wkdw lv/ lq wkh qhz glvwulexwlrq wkh lqgh{ lv odujhu wkdq lq wkh ruljlqdo rqh li
dqg rqo| li ￿ ￿ 41 Wklv phdqv wkdw/ jlyhq dq| glvwulexwlrq ri Q jurxsv/ zh fdq dozd|v ￿qg dqrwkhu
glvwulexwlrq rq wzr jurxsv zkhuh wkh GS lqgh{ lv odujhu li dqg rqo| li ￿ ￿ 41 Wklv grhv qrw phdq
wkdw wkh qhz glvwulexwlrq lv pruh srodul}h dv h{sodlq deryh/ exw wkdw wkh lqgh{ lv odujhu1






l +4 ￿ ￿l, @ n^￿
4.￿
4 +4 ￿ ￿4, . +4 ￿￿4,4.￿￿4‘
Lw lv hdv| wr yhuli| wkdw iru dq| ￿ wklv h{suhvvlrq lv pd{lpl}hg dw ￿4 @ ￿5 @3 =81 zklfk phdqv
wkdw ￿4 @ ￿5 @3 =8 lv d orfdo pd{lpxp iru dq| ￿?41 Krzhyhu lw lv d joredo pd{lpxp rqo| li
￿ ￿ 41￿
Surri ri Wkhruhp 6=
6;Dq| wkuhh srlqwv glvfuhwh glvwulexwlrq fdq eh zulwwhq lq wkh irup +{>4￿5{>{, vxfk wkdw { 5 ^3> 4
5‘1
Rxu sxusrvh lv wr vkrz xqghu zkdw frqglwlrqv GS lv dq lqfuhdvlqj ixqfwlrq ri {/ wkh vkliwhg pdvv
iurp wkh t jurxs wr dq| rwkhu jurxs/
GS+{>4 ￿5{>{, ?G S+h {>4 ￿ 5h {> h {, iru doo {?h {1
Wkhuhiruh wkh frpsdulvrq ri GS+s>t>s, dqg GS+s.{>t ￿5{>s.{,= zrxog eh wkh vdph dv wkh
frpsdulvrq ri
GS+{3>4 ￿ 5{3>{ 3, dqg GS+h {>4 ￿5h {>h {, zkhuh {3 @ s dqg h { @ s .{
Zh fdq frpsxwh GS lq wklv fdvh dv
GS+￿>n, @ n^+5{4.￿+4 ￿{, . +4 ￿ 5{,4.￿5{,‘@n^5{4.￿ ￿ 5{5.￿ . +4 ￿5{,4.￿5{‘
Wkh ￿uvw ghulydwlyh ri GS lv
CGS
C{ +￿>n, @ n^5+4.￿,{￿ ￿ 5+5.￿,{4.￿ .+4.￿,+4 ￿5{,￿+￿5,5{ .+4 ￿ 5{,4.￿5‘ @
5ni{￿^+4.￿, ￿ +5.￿,{‘.+4 ￿ 5{,￿^￿5+4.￿,{ . +4 ￿5{,‘j @
5ni{￿^4 .￿ ￿ 5{ ￿ {￿‘.+4 ￿5{,￿^+4 ￿ 5{, ￿ 5{ ￿5{￿‘j
Wkhuhiru CGS
C{ hydoxdwhg dw ￿ @4lv dozd|v srvlwlyh jlyhq wkdw
CGS+4>n,
C{ @5 n^4 ￿6{‘5 A 3 ;{=Wkhuhiruh li ￿ @4wkhq
CGS+4>n,
C{ A 3 iru dq| glvwulexwlrq1
Lq dgglwlrq wkh sduwldo ghulydwlyh/
CGS+￿>n,
C{ > hydoxdwhg dw { @ 4
6 lv dozd|v htxdo wr 3
5ni+4













6￿‘j @3iru doo ydoxhv ri ￿
Wkh vhfrqg ghulydwlyh lv
C
5GS+￿>n,
C{C{ @5 ni￿{￿￿4^+4.￿, ￿5{ ￿ {￿‘.{￿^￿5 ￿￿‘.
.￿+4 ￿ 5{,￿￿4+￿5,^4 ￿7{ ￿5{￿‘.+4 ￿5{,￿^￿7 ￿ 5￿‘j @
5ni￿{￿￿4^4 .￿ ￿ 5{ ￿ {￿‘ ￿ {￿^5 .￿‘￿
￿5￿+4 ￿ 5{,￿￿4^4 ￿7{ ￿ 5{￿‘ ￿+4 ￿ 5{,￿^7 .5￿‘j




Wklv phdqv wkdw iru ￿ @4 / wkhq
C
5GS+4>n,
C{C{ @3 / zklfk lpsolhv wkdw { @ 4
6 lv dq lq hfwlrq srlqw1
Krzhyhu li ￿?4/ wkhq
C
5GS+￿>n,
C{C{ ? 3/ zklfk phdqv wkdw { @ 4
6 l vdp d { l p x pd q gl i￿?4/ wkhq
C5GS+￿>n,
C{C{ A 3/ zklfk phdqv wkdw { @ 4
6 lv d plqlpxp1 Wkhuhiruh li { @ 4
6 lv d pd{lpxp/ wklv
phdqv wkdw iru dq| edoo durxqg {@426 wkhq GS+￿?4>n,{@ 4
6.% ?G S+￿?4>n,{@ 4
6 zklfk ylrodwhv
surshuw| 51 Rq wkh rwkhu vlgh iru ￿A4 { @ 4
6 lv d plqlpxp zklfk lpsolhv wkdw GS+￿A4>n,{@ 4
6￿%
AG S +￿A4>n,{@ 4
6zklfk dovr ylrodwhv surshuw| 51Wkhuhiruh wkh rqo| GS phdvxuh wkdw vdwlvi|
surshuw| 6 iru dq| glvwulexwlrq kdv d sdudphwhu ￿ @4 =￿
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